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Errata

As with most mathematical texts, some errors managed to slip through the proofreading
process. I list the errors here rather than directly update the text in order to keep the
original dissertation intact. One may notice that most of these errors occurred in §3,
which in hindsight makes sense as this chapter was written rather hastily directly prior
to submitting.

o In §3.1.1] p. 22, first item on the top: The exterior derivative is not well-defined
in this way. Here, one should assume that the bundle E' is a trivial vector bundle
E = M x V for some vector space V, and the formula should be

A0 ® o) = (d) ® o + (—1)%2% 9 A (do).

This does not affect any of the later definitions and calculations. The error went
unnoticed because the exterior derivative on bundle-valued forms is later applied
only in the situation as described above, where in addition ¢ remains a constant
element of V.

o In p. 22., second item from the top: The pullback should also appear on the
second factor

9" (0 ®0) = (¢70)® (¢70),
and the pullback bundle should be

¢*Q"(N,E) =T(A¥(¢"T*N) @ ¢"E), ¢"E =[] By
xeM

¢ In Theorem (i), p. 30, for the classification to be complete one should
additionally assume that any principal Z-bundle over NV is trivial, where Z denotes
the center of A(H) C G. This is achieved e.g. if N is contractible. In the context of
the thesis, we have N = R? which is contractible, so the classification is complete.

¢ In Theorem (ii), p. 30, in the second point 1 should have not have values in b,
but rather in g, in particular the subalgebra of g that is invariant under the adjoint
action of A(H). Correspondingly, in the first paragraph on p. 33, the form should
have values in the subalgebra of su(2) that is invariant under the adjoint action of
U(1). The conclusions, in particular Theorem are correctly stated.

¢ In the Bibliography: Reference [HSV08| is incorrectly dated - the year should be
1980 instead of 2008.

If you find any additional errors while reading, please do not hesitate to contact me at:

marko.sobak@univie.ac.at


mailto:marko.sobak@univie.ac.at

Abstract

In this thesis, we study wormhole spacetimes in the framework of the static spherically
symmetric SU(2) Einstein-Yang-Mills theory coupled to a phantom scalar field. After
presenting all the necessary background, we show rigorously the existence of an infinite
sequence of symmetric wormhole solutions, labelled by the number of zeros of the
Yang-Mills potential. These solutions have previously been discovered numerically.
Mathematically, the problem resembles the pure Einstein-Yang-Mills system for black
hole initial conditions, which was well-studied in the 90s. The main difference in the
present work is that the coupling to the phantom field adds a non-trivial degree of
complexity to the analysis. After proving the existence of the symmetric wormhole
solutions, we also present numerical evidence for the existence of asymmetric ones.

Zusammenfassung

In dieser Arbeit werden Wurmlécher im Rahmen der statischen sphérisch-symmetrischen
SU(2) Einstein-Yang-Mills Theorie, zusitzlich gekoppelt mit einem Phantom-Skalarfeld,
untersucht. Nachdem alle relevanten Hintergrundinformationen erlautert wurden, zeigen
wir die Existenz einer unendlichen Folge von symmetrischen Wurmlochl6sungen, die durch
die Anzahl der Nullstellen des Yang-Mills Potenzials indiziert ist. Diese Lésungen wurden
zuvor numerisch entdeckt. Mathematisch betrachtet, hat das Problem Gemeinsamkeiten
mit dem Einstein-Yang-Mills-System mit den Anfangsbedingungen von schwarzen Lochern,
welches bereits in der Vergangenheit umfassend analysiert wurde. Der Hauptunterschied
besteht darin, dass das Phantom-Skalarfeld einen nicht-trivialen Grad an Komplexitat
in die Analyse hinzufiigt. Nachdem die Existenz der symmetrischen Wurmlochlésungen
bewiesen wurde, prasentieren wir auflerdem die Ergebnisse unserer numerischen Analyse,
welche die Existenz von asymmetrischen Wurmlochlésungen zeigen.
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Chapter 1

Introduction

1.1 Wormbholes

Wormbholes are hypothetical models of spacetime that describe traversable tunnels connect-
ing asymptotically flat universes. Despite their ubiquity in popular culture, wormholes
are indeed still hypothetical from a physics standpoint because they require support
from so-called exotic matter [MT88; |Vis96; Hay99]. From a mathematical perspective,
possibly the most natural way of modelling such matter is by means of a phantom field
(or ghost), which is a scalar field with a reversed sign in front of its energy density term in
the Lagrangian. Such fields often appear in cosmological research, as they could explain
the accelerated expansion of the universe |[Cal02].

The first examples of wormholes supported (or, somewhat more poetically, “haunted”)
by phantom fields were constructed independently by Ellis [Ell73] and Bronnikov [Bro73].
Their model is relatively simple, so let us discuss it in more mathematical detail. Intu-
itively, the first geometric shape that might come to mind when imagining a wormhole
is a catenoid, cf. Figure This surface can viewed as a surface of revolution in R3
parametrized by

(p, ) +— (cosh pcos ¢, cosh psinp, p), (1.1)

with induced metric
cosh?(p) (dp @ dp + dp @ dp) .

Aiming to extend this metric to a spacetime metric, we further introduce a trivial time
coordinate ¢ and extend ¢ to a spherical angle pair (6, ¢) € S?, thus obtaining the metric

g = —dt ® dt 4 cosh?(p) (dp @ dp + ge2) ,
where g.2 is the round metric on S? given by
g2 = df ® df + sin? 0 dp ® de.

The Lorentzian metric g is globally regular and has two asymptotically flat ends as
p — xoo. A simple calculation yields

Ric, = —2sech?(p) dp ® dp,
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Figure 1.1: Embedding diagram of the Ellis-Bronnikov wormhole.

which shows that such a metric does not satisfy the Einstein field equations in vacuum
Ricy = 0. This is unsurprising since the celebrated theorem of Birkhoff ensures
that the only spherically symmetric solution of the vacuum Einstein equations is the
Schwarzschild solution. However, the crucial observation of Ellis and Bronnikov was that
the metric g can be viewed as the solution of the haunted Einstein field equations

Ric, + d¢ ® d¢ = 0,
O, ¢ =0,

where [, is the wave operator with respect to g and ¢ is the scalar phantom field

¢(p) = V2arctan (sinh p) = V2 gd(p),

where gd is the so-called Gudermannian function . This theory necessitates that
the scalar field term has an “incorrect” sign in the field equations, which can be interpreted
as ¢ being a negative energy field. Nevertheless, the metric is now a well-defined solution
of a relativistic theory. The spacetime R? x S? equipped with the metric g is universally
known as the Ellis-Bronnikov wormhole. It has two asymptotically flat ends at p = Fo0,
connected by a tunnel which is at its throat (i.e. at p = 0) foliated by spheres of minimal
radius. This is quite nicely seen in the so-called embedding diagram of the wormhole
in Figure [1.1] which is in the case of the Ellis-Bronnikov wormhole simply the catenoid
parametrized by the map .

The Ellis-Bronnikov wormhole is a prototypical example of a static spherically sym-
metric wormhole (sometimes also known as a Morris-Thorne wormhole). They were
mathematically defined in the pioneering work of Morris and Thorne, and sub-
sequently studied by many other authors, see e.g. the book of Visser. These
wormholes are modelled as spacetimes of the form M = R? x S? equipped with the
Lorentzian metric

g=—e"P dt @ dt + r(p)? (dp @ dp + ge2)

where 7,7 are smooth functions with r > 0, and such that the spacetime is asymptotically
flat as p — +00. The metric g should additionally respect the theory of general relativity,
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in the sense that it satisfies the Einstein field equations for some accepted matter model.
Wormbholes of this type will be the main object of study in this work.

1.2 Einstein-Yang-Mills theory

Yang-Mills theory is one of the many fruits of the 20th century boom in physics. It
provides an elegant mathematical framework for the current Standard Model of particle
physics, but it is also mathematically interesting in its own right, as demonstrated by
the fact that the Yang-Mills existence and mass gap problem is one of the (still unsolved)
Millenium Prize Problems. In mathematical terms, Yang-Mills (YM) theory revolves
around studying connections on principal G-bundles for some compact Lie group G
(called the gauge group), which are critical points of the YM functional

w%/\FwH?Vdg.

Here, (M, g) is the base semi-Riemannian manifold, w is a connection on a principal
G-bundle over M with curvature F,, and the norm || - || is induced by both the metric g
and a bi-invariant metric on the Lie algebra g of G. One may also incorporate gravity
into the theory to get the so-called Einstein-Yang-Mills (EYM) theory, which studies
critical points of the EYM functional

(g,w) > / (Ry — 1L ]1?) vol,

where R, is the scalar curvature of g. This theory can be viewed as a generalization of
the Einstein-Maxwell theory, since Maxwell’s theory of electromagnetism can indeed be
viewed a special case of YM theory with gauge group G = U(1) =< S

The YM (and consequently also EYM) theory only starts fully shining when the gauge
group is chosen to be non-abelian. In fact, the theory is very rich already in one of the
simplest cases, namely G = SU(2). The SU(2) EYM equations started receiving a lot of
attention in the late 20th century, initiated by Bartnik and McKinnon [BM8§| when they
numerically discovered particle-like globally regular solutions to these equations in the
static spherically symmetric setting. Soon after, Bizon [Biz90| also numerically discovered
black hole solutions in this framework. These solutions were rather unexpected [BS93,
as they provided some of the first counterexamples to the no-hair conjecture outside the
Einstein-Maxwell setting. Indeed, it is known that the Reissner-Nordstrém family is the
unique family of static asymptotically flat black hole solutions to the Einstein-Maxwell
system |Heu96|, whereas the black holes discovered by Bizon have non-trivial Yang-Mills
“hair”, in the sense that the asymptotic Yang-Mills charges vanish despite the Yang-Mills
connection being non-trivial. The existence of these solutions (in fact, infinite sequences
thereof) was also shown soon after in a mathematically rigorous manner. This was first
done in the series of papers [Smo+91; [SW93; SWY93| by Smoller, Wasserman et al. A
complete classification of the solutions to the static spherically symmetric SU(2) EYM
equations was later provided in [BFM94] by Breitenlohner, Forgdcs and Maison, which
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also allowed for a somewhat more elegant existence proof. The SU(2) EYM theory has
since been studied in many different aspects, a lot of which have been gathered in the
rather extensive review [VG99| of Volkov and Gal’tsov, which the reader can refer to for
more details.

1.3 Haunted Einstein-Yang-Mills wormholes

In this work, we study wormholes within the framework of the SU(2) EYM theory
coupled additionally to a phantom field, which we refer to as the haunted EYM theory
(in contrast, we will refer to the EYM theory with no coupling to a phantom field as the
pure EYM theory, for clarity). More precisely, we study critical points of the functional

(90, ) / (Ry — [ Full? + [[46]) vol,, (1.2)

where ¢ is a scalar function on M. The corresponding Euler-Lagrange equations are
referred to as the haunted SU(2) EYM equations. The main purpose of the manuscript
is to mathematically prove the existence of the wormhole solutions to the haunted SU(2)
EYM equations that were discovered numerically in [Hau+14].

Let us briefly present some more mathematical details of the problem. We work in
the static spherically symmetric setting, i.e. with spacetimes of the form M = R? x S?
equipped with the Lorentzian metric

g=—e"P dt @ dt + r(p)? (dp @ dp + ge2)

where 7, are smooth functions with » > 0, and g is the standard round metric on S?, cf.
§1.1] For the SU(2) Yang-Mills connection, we make the well-known “purely magnetic”
static spherically symmetric ansatz

w=w(p)(dd®X +sinfdpY) +cosfdp ® Z,

where w is a smooth function, X,Y, Z form the standard basis for su(2) induced by the
Pauli matrices, and (6, ¢) are the standard coordinates on S2. Finally, we also assume
that the phantom field ¢ = ¢(p) is static and spherically symmetric. The haunted SU(2)
Einstein-Yang-Mills equations with respect to these ansétze then reduce to the ODE
system

W+ <T' 7"> W+ w(l — w?) =0, (1.3a)
T
..o P 20?2 (1—w?)?
R _ =0 1.3b
THT r r2 r2 ’ ( )
. .. 1 _ 2 2
f+ﬁ—1+¥:0, (1.3¢)
T T T
20?2 (1 —w?)? 7 7 3
1 - (24 1) = 1.3d
{ + r2 r2 T r (rem)?’ ( )



where my € R is a constant that may be chosen freely (in fact, mp can be interpreted as
the “charge” of the phantom field, since the corresponding term arises from the general
solution of the phantom field equation O, ¢ = 0). The final equation is implied by
the other three if we assume it holds at least at one point, and therefore we may view it
as a constraint on the initial conditions.

Note that putting mg = 0 yields the pure Einstein-Yang-Mills equations. In fact,
the main difference in the haunted setting compared to the pure setting is that the
introduction of the phantom field allows us to assume that 7(0) and 7(0) are finite, which
is necessary for us since a wormhole spacetime is supposed to be everywhere regular. In
contrast, when dealing with initial conditions describing a black hole horizon, one needs
to assume that 7(0) and 7(0) are infinite in an appropriate sense [BFM94, §6], which can
also be seen directly from the constraint .

Searching for wormhole solutions, we supplement the system ([1.3aH1.3d]) with the
initial conditions

w(0) =wo, r(0)=rg>0, 7(0)=",
w(0) = wo, 7(0) =0, 7(0) = 0.

Here, the choice 7(0) = 0 is quite natural since a wormhole is expected to have asymptot-
ically flat ends at 400, so that » — 0o as p — £oo, and in particular there must exist at
least one point at which r has a positive minimum. On the other hand, the assumption
7(0) = 0 is just made for simplicity (although it is also necessary if one wishes to study
symmetric solutions as we will do below). Note that the parameter 7y can be kept free
because the constant my can be chosen arbitrarily, in particular so that the constraint
is satisfied for any (fixed) choice of 79, i.e. we fix

25 — (1 —wi)* _

2 paiy
o

w9 = roe’°/ Ey, where FEg: =1+

In particular, we will in the end want to fix 7y to ensure that we get the correct asymptotic
behaviour of 7, thereby eliminating the freedom of this parameter. Thus, we are essentially
left with three free parameters (7o, wo, wp), which we refer to as the initial data. The
goal is then to find initial data such that the corresponding solution is globally defined
and asymptotically flat at 00, and in particular describes a wormhole spacetime. In
fact, in view of the symmetries of the equations, it suffices to study the solutions for
p > 0, and then one can deduce their behaviour for p < 0 by reflection.
The main result can now be roughly stated as follows.

Main theorem. For each real number ro > 0 and natural number n > 0, there exists a
haunted SU(2) Finstein- Yang-Mills wormhole with initial radius ro, and such that the
Yang-Mills coefficient w has exactly n zeros.

These wormholes are symmetric, in the sense that the metric coefficients 7 and r
are even functions, while w is either even or odd with the same parity as n. They also
have vanishing Yang-Mills charges at infinity, but non-trivial Yang-Mills potentials, and
are therefore also referred to as hairy wormholes, in analogy to their hairy black hole
counterparts in the pure SU(2) EYM theory.
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To prove the theorem, we follow the blueprint laid forth in the aforementioned work
[BFM94| of Breitenlohner, Forgacs and Maison. The idea is to use a shooting method
argument, i.e. we want to consider infima over certain subsets of initial data, with the
expectation that the solutions having these infima as initial data are global and have the
desired asymptotic behaviour. To do this in a mathematically satisfactory manner, we
essentially need the following three ingredients:

o the classification theorem, which shows that the initial value problem admits only
a few possible solution types, depending on whether they are globally defined or
not, and depending on the asymptotic values of the dependent variables (note that
this also gives a convenient partition of the set of initial data);

o the neighbourhood theorem, which describes how a sufficiently small neighbourhood
of each initial data type looks like;

o the energy theorem, which tells us how the solutions with extremal initial energies
Ey (i.e. either very small or very large) behave.

Roughly speaking, the energy theorem provides us with an upper and a lower bound
for the shooting method, allowing us to take the aforementioned infima over compact
sets. The neighbourhood theorem allows us to deduce which solution types the infima
cannot correspond to. The exhaustion of all the possible cases from the classification
theorem then only leaves one possible option for the solution type of the infima, which is,
conveniently, precisely the option describing wormhole solutions.

We would like to mention at this point that even though the introduction of the
phantom field term 7y /(re”) might seem like a rather small change in the equations
, it turns out that this term destroys certain convenient properties that the pure
EYM system has (particularly related to the monotonicity of the dependent variables),
and various aspects of the proofs become considerably more difficult. In particular,
the radius function r could display oscillatory behaviour, which is generally difficult to
treat. This somewhat resembles the situation Maison faced in [Mai05] when studying the
apparently simpler SU(2) Yang-Mills-dilaton system using the methods developed for
the pure EYM systemE

Moreover, the reader should note that only the even solutions (i.e. with even n) from
our main theorem are in analogy with black hole solutions in pure SU(2) EYM theory.
The reason for this discrepancy comes from the fact that the odd solutions (i.e. with
odd n) from our main theorem require initial conditions which are not compatible with
the pure EYM equations [BFM94; |Hau+14], and consequently such solutions were not
studied in that setting. The existence proof for the odd case actually turns out to be
surprisingly more difficult than for the even case, and in fact requires new techniques
developed specifically for the wormhole initial conditions.

!To quote Maison [Mai05]: “In [...] a classification of all static, spherically symmetric solutions of the
EYM theory with a regular origin was given; our aim is to prove a corresponding classification for the
YMD theory. Naively one could expect that this should be an easier task for the YMD theory due to
its simpler structure. However, life is not so simple and, although ultimately the result is the same, the
proof for the YMD theory appears to be more difficult.”
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To conclude the summary, we would like to mention that our numerical analysis of
the equation system also indicates the existence of asymmetric wormhole
solutions of the haunted SU(2) EYM equations. At the end of the manuscript we present
an idea on how a proof of their existence may be conducted, although we have not been
able to complete the proof mathematically. The existence of asymmetric haunted SU(2)
EYM wormbholes is therefore left merely as a conjecture, for now.

1.4 Organization of the manuscript

For the reader’s convenience, let us provide a short overview of the manuscript, as well
as a short guide for reading it.

In §2| we discuss spacetime holes in spherically symmetric manifolds. In particular,
in we provide a local comparison of wormholes and black/white holes, and also
discuss some energy conditions. We then specialize to the static setting in and finally
reach a definition of wormholes that will be used throughout the work. This chapter (in
particular is mostly motivational, so the reader not interested in too many details
in this context can just look at Definition [2:3.2] and skip to future chapters without losing
too much continuity.

In §3] we provide a brief review of principal bundles as a preparation for the Yang-Mills
aspects of the haunted Einstein-Yang-Mills theory. The reader familiar with principal
bundle theory may wish to skip the preliminaries in §3.1] entirely. In §3.2| we study
spherically symmetric connections on principal SU(2) and derive the most general form
of such a connection, which will serve as an ansatz for our Yang-Mills theory. The
ansatz is fairly well-known in research articles, but the details for deriving it seem to
be somewhat difficult to find, so we provide a detailed derivation. If one wishes to skip
these details, one could just read the section starting from Theorem [3.2.5

In we formulate the haunted Einstein-Yang-Mills theory as a local Lagrangian
theory, and derive the corresponding Euler-Lagrange equations in Theorem [1.1.2] We
then specialize these equations to the static spherically symmetric setting in The
reader not interested in the general formulation of the theory can just look at the final
equation system, contained in Theorem as this is the system that will be studied
throughout the rest of the manuscript. We then proceed to discuss appropriate wormhole
conditions in and derive some classical wormhole solutions in §4.41 Finally, we prove
a “no-hair” result in which considerably simplifies the system.

is the heart of the thesis and contains the main results of the thesis discussed
above in This chapter also mirrors the contents of the author’s preprint [Sob23].
It is for the most part self-contained, so the reader interested only in the main results
of the thesis could just read this chapter directly and refer to the previous chapters as
necessary.

Finally, in §6| we discuss some additional problems which are related to the project but
not properly addressed in this manuscript. We also present some possible generalizations
of the theory, which could be interesting in future studies.






Chapter 2

Geometry of spacetime holes

In this chapter, we discuss the theory of spacetime holes. We first briefly recall some
notions from semi-Riemannian geometry in §2.1) and we define spherically symmetric
spacetimes. In we define wormhole mouths and black/white hole horizons in terms of
trapping horizons, which also allows for a simple comparison between these types of holes.
Finally, in we specialize to the static setting and in particular fix the definition of
wormholes that will be used throughout the rest of the work.

2.1 Preliminaries

We will assume that the reader is familiar with differential geometry. Throughout the
chapter, we let M be a smooth manifold of dimension n, unless otherwise specified. We
denote by X(M) = I'(T M) the space of smooth vector fields on M, and by QF(M) =
I'(A*T*M) the space of differential k-forms on M.

2.1.1 Semi-Riemannian geometry

Let g be a semi-Riemannian metric on M, i.e. a symmetric non-degenerate tensor field
geI'(T*"M @ T*M) of constant index (i.e. the number of negative eigenvalues of g). In
the particular case when the index is equal to one, we say that g is a Lorentzian metric.
By convention, a vector field X € X(M) is is said to be:

o timelike if g(X, X) < 0,

o null if (X, X) =0,

o spacelike if g(X, X) > 0.
The category which X falls into is called the causal character of X. If g is Lorentzian,
we say that (M, g) is time-orientable if it admits a global timelike vector field T' € X(M),

and a choice of such a vector field is called a time-orientation. A vector field X € X(M)
which is timelike is in this case said to be future-directed (resp. past-directed) if

9(X,T) <0 (resp. g(X,T) > 0).

9



By continuity we can also extend this notion to the case when X is null.

One can also define the notion of causal character for submanifolds of M. In the
particular case of a hypersurface ¥ C M (i.e. a submanifold of codimension one) of a
Lorentzian manifold (M, g), one can define the causal character simply in terms of its
normal vector v, so that X is said to be

o timelike if v is spacelike along 3,

o null if v is null along ¥,

o spacelike if v is timelike along Y.

Symmetries of a semi-Riemannian manifold (M, g) are often stated in terms of the
existence of Killing fields, which are defined as vector fields X € X(M) satisfying the

Killing equation
L Xg = 0,

where £ denotes the Lie derivative.
We define by t: T*M — TM the usual musical isomorphism characterized by
g, X) =n(X), nel(T*M), X eI (TM),

and by b : TM — T*M its inverse. For example, the gradient of a differentiable function
¢ € C*(M) is defined as the vector field V¢ = (d¢)f. The musical isomorphisms allow
us to define inner product for one forms 7,6 € Q'(M) by

<T]a 0)9 = g(nﬁa eﬁ)y

in terms of which the causal character of a one-form can equivalently be determined. In
local coordinates z*, this reads

This induces a metric on the space QF(M) of differential k-forms on M, explicitly given
by
O A ANOE AL AR, = det (07,0, (2.1)
where 04, 7" € QL (M).
If (M, g) is oriented, we also define the volume form in a positively oriented coordinate

voly, = /| det g|dz' A ... A da"

The Hodge star operator % : QF(M) — Q*%(M) on k-forms on M is the linear operator
characterized by the relation

system via

nA*60 = (n,6)volg,
where 0,1 € QF(M).
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The Einstein field equation is the tensorial equation
i 1
Ricgy — iRgg =T, (2.2)

where Ric, is the Ricci tensor, R, = try(Ricy) is the scalar curvature, and 7" is the
so-called stress-energy tensor, which is usually derived from a Lagrangian theory (we
will study this in more detail later). The Einstein field equation has an equivalent

trace-reversed formulation )
Ricy =T — 3 trg(T) g,

as can be seen by taking the trace in (2.2) and plugging it back into the equation.

2.1.2 Static and spherically symmetric spacetimes

Throughout this manuscript, we will focus on spherically symmetric spacetimes, which
we define as follows.

Definition 2.1.1. A spherically symmetric spacetime is a time-oriented four-dimensional
Lorentzian manifold (M, g) such that

M=~ N x S?, g:h—i—rzgsz,
where

© (N, h) is a two-dimensional connected Lorentzian manifold,
o ris a smooth positive function on N, called the spherical radius,

o gs is the round metric on S?, given in standard spherical coordinates (6, ) by

g2 = df @ df + sin?  dp ® d.

Thus, a spherically symmetric spacetime can be viewed as the warped product
(M, g) = (N,h) %, (§%,ge2).

Note that the Lie group SO(3) acts naturally on (M, g) (in particular on the spherical
part) by isometries. Equivalently, the vector fields

g —sin g—cot@cos g cos 2—cot@sin g
80’ ¥ 96 Y og’ ¥ 90 ¥ o¢

are Killing fields on (M, g).

Remark. 1f one would like to study less trivial topologies, one could more generally define
a spherically symmetric spacetime (M, g) as a fiber bundle (cf. 2> ML N
such that the action of the isometry group SO(3) on (S?, g.2) induces an action on (M, g)
by isometries (see |[Kiin67| for more details). However, one then has the decomposition
M = N x S? only locally, so we prefer to keep our definition for simplicity.
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Observe that r is a geometric invariant. Indeed, for a given point x € N, we may
consider the sphere S2 := {z} x S2 C M at x € N, and then r is given in terms of the
volume of S2 (corresponding to the metric induced by g) by

voly(S7) _  [voly(S3)

r(@) = vol(S?) dr

There is another important geometric invariant in spherical symmetry, called the
mass (or gravitational energy) m : N — R, defined by

r

m = 5(1 — (dr,dr)). (2.3)

This quantity originates from Misner and Sharp [MS64] and is thus often also called the
Misner-Sharp mass. It also agrees with the Hawking mass, which is usually defined for
general closed two-dimensional spacelike surfaces, not necessarily just spheres. Provided
that the spacetime is asymptotically flat, the Misner-Sharp mass coincides with the
Arnowitt-Deser-Misner (ADM) mass at spacelike infinity and the Bondi mass at null
infinity [Hay96, Proposition 3]. In the future sections, we will in fact take the finiteness
of the mass at infinity as a defining property of asymptotically flat manifolds.
To end this section, we also recall the definition of static Lorentzian manifolds.

Definition 2.1.2. A Lorentzian manifold (M, g) is said to be static if it admits a timelike
Killing field T' € X(M) and foliation by spacelike hypersurfaces orthogonal to T'.

For a static spherically symmetric spacetime (M,g) = (N,h) x, (S?,g.2), we may
locally choose coordinates (¢,p) on N such that the timelike Killing field is given by
T = 04, the radius function r only depends on p, and the metric h takes the form

h=—e®dt@dt+ e dp®dp,

for some functions 7, 0 depending only on p (see also [ONe83, §13]). There is an additional
freedom in rescaling the p-coordinate, which we will use (for later convenience) to rescale
e?() dp r(p) dp, so that the metric becomes

g=—P dt @ dt + r(p)? (dp @ dp + gs2) . (2.4)

Here, p can be viewed as a generalization of the so-called log-polar radiusE This choice of
coordinates is the one that we will be working with throughout most of the manuscript
(except in the next section). Note that the mass (2.3) is then given simply by

m:;<1:2) (2.5)

where overdot denotes differentiation with respect to p.

'A common alternative choice of radial coordinate for describing static spherically symmetric worm-
holes is the so-called proper radius defined via d¢ = r dp, in which case the metric is given by

g=—-"Ydt @ dt + dl ® dl + r(€)*gee.
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2.2 Spacetime holes

In this section, we discuss spacetime holes & la Hayward [Hay09; [Hay99]. These are
defined in terms of so-called trapping horizons, which allows one to locally unify the
theory of black/white holes and wormholes. Traditionally, black holes are teleological
objects since their commonly accepted definition requires the knowledge of the causal
structure of spacetime arbitrarily far into the future. The definition we employ here has
the benefit of being local while still reasonably capturing properties that a black/white
hole is expected to satisfy. Even more importantly in the context of this work, the
definition allows for a relatively simple comparison with wormholes. It should however
be noted that, in contrast to black holes, there is no universally accepted definition of a
(dynamic) wormhole, and the definition presented here is merely a reasonable suggestion.

2.2.1 Trapping horizons

Let M = N x S? be a spherically symmetric spacetime (not necessarily static) with
spherical radius 7 and mass m. Define the sphere at € N as S2 = {x} x 2. We say
that the sphere S2 is

o untrapped if r > 2m at x, i.e. if Vr(x) is spacelike,

o marginal if r = 2m at z, i.e. if Vr(x) is null,

o trapped if r < 2m at x, i.e. if Vr(zx) is timelike.
A hypersurface ¥ C M is said to be a trapping horizon if it is foliated by marginal

spheres, i.e. if
Y»=Ix$S? with r=2m along T.

We say that a trapping horizon X is future (resp. past) if Vr is future-directed (resp.
past-directed) along I', and otherwise it is said to be static.

An important quantity related to trapping horizons is the so-called surface gravity,
defined as

1 1
R = §*d*d7‘: il:lhr,

where * denotes the Hodge star operator on (N, h) and O; = h*'V,0, is the wave
operator. Note that this agrees with the usual definition of surface gravity for Killing
horizons [Hay09, (13)]. In terms of the surface gravity, we classify trapping horizons
Y =IxS8?as

o outer if kK > 0 along I,
o degenerate if kK =0 along T',

o nner if kK < 0 along T
Definition 2.2.1 ([Hay09; |[Hay99]). An outer trapping horizon ¥ C M is said to be a

o wormhole mouth if 3 is timelike,
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o (apparent) black hole horizon if 3 is future and either null or spacelike,

o (apparent) white hole horizon if ¥ is past and either null or spacelike.

Remark. The outerness condition x > 0 is made for here for simplicity. The degenerate
case k£ = 0 should also be admissible, but it is somewhat troublesome to do so in the
general dynamic case (cf. [Hay09, §III]). We will, however, also allow for vanishing surface
gravity once we start working with static spacetimes in the next section.

In terms of this definition, wormholes and black/white holes thus have locally in-
distinguishable geometries, except for the causal character of the trapping horizon that
defines them. We therefore collectively call them spacetime holes. The reader should note
that a wormhole mouth here describes only one side of the wormhole, and a complete
wormhole spacetime should actually have two mouths with “opposite senses” (we will
make this more precise below) and in mutual causal contact, so as to allow traversability.

We consider now two classical examples, which show that these definitions are
reasonable.

Example 2.2.2. Consider the Ellis-Bronnikov metric
g = —dt®dt + 7§ cosh®(p) (dp @ dp + g52) ,

where rg > 0 is the so-called throat radius. In this case,
r(p) =rocosh(p) and m(p) = %O sech(p).

Thus the hypersurface
T ={p=0} x$?
is a trapping horizon. Additionally, the surface gravity is given by
r

Alp) = = sech®(p),

so k = 3 on .7 and the trapping horizon .7 is outer. Finally, the spacelike vector field
0, is normal to 7, so .7 is timelike. Hence, .7~ describes a wormhole mouth.

Example 2.2.3. The well-known Schwarzschild metric is given by

2 2m\ !
g:—(l—m>dt®dt+<1—m> dr @ dr + 12 g,
r r

where m > 0 is the mass parameter (note that in this case, the mass is constantly
equal to the parameter m, so the notation is unambiguous). We expect that r = 2m
describes a black hole horizon. However, the classical Schwarzschildian coordinate system
is not suitable to make such claims, because the metric has a coordinate singularity
at r = 2m. We consider instead its maximal extension given by the Kruskal-Szekeres
manifold in a double-null coordinate system by the metric

16m?

g=— exp (—#) (dl‘Jr QKdr_ +dr_® d.Z'Jr) + 7'2 gs2,
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where the coordinates x4+ are related to r via

(1-50) e ()
rix_=(1——)exp(—].
+ 2m P 2m
A differentiation of this identity reveals that

4m2
dr = -4 exp (—L> (r—dzy + 24 dzo),
T 2m

from which we also deduce
1
Vr = (dr)f = 1 (@ 0p+20), (2.6)
where 04 = 9/0x+. Now

2m T
g(Vr,Vr) = (dr,dr), = —— - exp (—%> A
and it follows that the null hypersurfaces
HT ={ry =0,2_>0}U{z, >0,2_ =0}) x S?,
H~ = {ry=0,2_ <0}U{r; <0,2_ =0}) x§?

are trapping horizons. Observe that the surface gravity satisfies

1
K= —-xdxdr
2

2m? T
=—xd (r exp (—%) (r—dry — oy dm))

2

= *(dzxy ANdx_) 4% exp (—%) [1 T ryir— (1 + 2;71) exp <_2:;1>]

1 2m r
=— |l4+ziz2_(1+— )exp (77) ,
4m [ < r ) 2m

from which it follows that k = % on '+ and therefore these are outer trapping horizons.

m
Finally, if we time-orient the manifold as usual by declaring the vector fields 0+ to be
future-oriented, then we see from ([2.6)) that " is future and 57~ is past. Therefore

7T describes a black hole horizon and 7~ describes a white hole horizon.

In view of the last example, it may not come as a surprise that it is convenient to
study trapping horizons by expressing the metric h in a double-null coordinates (x4, x_)
as

h=—ePT+2)(dr, @dr_ +dz_ @dzy).

This is possible (at least locally) since every two-dimensional Lorentzian manifold is
conformally flat [Sch08, Theorem 7.2]. We assume also that (N, h) is time-oriented so
that both d4+ are future-oriented.
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Observe that
g(Vr,Vr) = (dr,dr), = —2e 270, r0_r,
where hereafter we denote 0+ = 0/0x+. It follows that on a trapping horizon, at least
one of the derivatives 01r must vanish. If, without loss of generality, we have dyr = 0
on a trapping horizon 3, then we see from

Vr=dr) =0 r(dz_) = —-e29_rd, on T,

that ¥ is future (resp. past) if d_r < 0 (resp. O_r > 0) and static if 0_r = 0. On the
other hand, the surface gravity is given in these coordinates by

k=—e29_0,r on T,

so the outer condition x > 0 demands 0_0,r < 0.
Now, if we take a non-zero tangent vector field X € X(T") and write

X=X,0L+X_0_,
then since dyr = 0 along I, we get
0= (dosr)(X) = X404+047 + X_0_0q4r. (2.7)
This implies the following.

o If ¥ is a wormhole mouth, then X must be timelike, which implies X X_ > 0.
Hence,

X_
8+3+7‘ = —X7+ (’L&rr > 0,

by the outerness condition. This expresses the fact that the spheres at a mouth are
minimal in the x"-direction, and such minimality behaviour is precisely what we
wish to capture when describing a wormhole mouth.

o If 3 is a black/white hole horizon, then X is null or spacelike, i.e. X1 X_ < 0. Then
X_
8+8+7’ =~ 8_8+r < 0,
Xy

again by the outerness condition, where we additionally note that X, cannot be
zero, since then (2.7) would be a contradiction for any non-zero X_ (in fact, we
then see that in the null case we must have X_ = 0).

We would like to end this section by pointing out that, as already mentioned, a
complete wormhole region of a spacetime should actually have two such mouths, marginal
in opposite null directions (Hayward captures this by saying the mouths should have
“opposite senses” ), and also in mutual causal contact, in the sense that any pair of points
from the two mouths can be connected by a causal curve. This latter conditions ensures
that the resulting wormhole region is two-way traversable, so an observer can enter one
wormhole mouth and exit through the other. In fact, we will see that in the static case,
the two mouths will be described by a single trapping horizon which is marginal in
both null directions simultaneously (being timelike, such a trapping horizon is of course
trivially in causal contact with itself).
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2.2.2 Energy conditions

Let us continue by discussing some energy conditions. There are many different energy
conditions commonly employed in general relativity, see e.g. [Vis96l §12.1] for a compre-
hensive review. These are usually defined in terms of the stress-energy tensor T', which
can in fact be viewed as a geometric invariant of a spacetime owing to the Einstein field
equation . Possibly the most famous energy conditions are the null (NEC), weak
(WEC), strong (SEC), and dominant (DEC) energy conditions, defined respectively via

(NEC) <= T(X,X) >0 for any null vector field X,

(WEC) <= T(X,X) >0 for any timelike vector field X,

(SEC) <= T(X,X)- 3tr(T)g(X,X) >0 for any timelike vector field X,
(DEC) <= T(X,X)>0and T(X,") is not spacelike for any timelike X.

For example, the positive mass theorem of Schoen and Yau assumes the DEC [SY79),
while the NEC is hypothesised in the classical Penrose singularity theorem [HE73, §8.2].
Note that the NEC is the weakest of the four conditions, as can be seen by approximating
a null vector by a sequence of timelike vectors. Matter violating the NEC is usually
referred to as exotic matter.

For the double-null frame J+ introduced above, we get that

20470+ — 0+0+T
2r ’

T(0+,04) = Ric(04,04) =

or, on a trapping horizon (again without loss of generality with d;r = 0)

8+ @+r

T(0+,04) = ——

In particular, since a wormhole mouth with dyr = 0 has 04047 > 0 along I', we see
that the NEC must be violated on a wormhole mouth. Therefore, a wormhole requires
support from exotic matter for its existence. Note that, in contrast, the null/spacelike
character of a black hole horizon is not in contradiction with the NEC.

2.3 Static spherically symmetric wormholes

In contrast to the dynamic setting from the previous section, there in fact exists a
generally accepted definition of a wormhole in the static setting. Such wormholes were
introduced mathematically in the pioneering work of Morris and Throne [MT88|, and
subsequently studied by many other authors, see e.g. the extensive book of Visser [Vis96]
on the subject. In this section we will study static spherically symmetric wormholes at a
global level and compare their definition to the one from the previous section.

For a static spherically symmetric spacetime (M,g) = (N,h) x, (S?, gs2), we can
select coordinates (¢, p) on N so that the metric is given by

g=—eP dt @ dt 4 r(p)? (dp @ dp + ge2)
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for some function 7, cf. §2.1.2l One can easily relate this coordinate system to a double-null
coordinate system as in e.g. by deﬁningﬂ

P
T4 :t:I:/ re .
0

We will henceforth assume that N = R? and that (¢, p) are global coordinates on N.
As before, we will denote differentiation with respect to p by an overdot, and we set
0y =0/0x4.

We recall from that the mass m is given by

r 72
= (1-5).
m 2( r2>

We therefore directly see that the characterizing condition » = 2m of trapping horizons
is equivalent to 7 = 0. Thus the hypersurface ¥ = {p = pp} is a trapping horizon
provided that pg is a critical point of r. In terms of the double-null coordinates, we have
O+r = 0_r = 0, so such a trapping horizon is marginal in both null-directions, i.e. it is
a static trapping horizon. Note that such a trapping horizon is automatically timelike
since the spacelike vector field 9, is normal to . The surface gravity is given by

(-2

Evaluating at >, we therefore see that the sign of x is determined by #. In particular,
3} describes a (non-degenerate) wormhole mouth if and only if # > 0. In terms of the
double-null coordinates, this we have 0;9+r = d_0_r > 0, and thus the spheres at the
mouth are minimal in both of the null directions. Thus the radius function r has a
minimum at a wormhole mouth, as expected.

We would now like to define a wormhole spacetime as a global model, in particular
as a tunnel connecting two asymptotically flat ends. For static spacetimes, one defines
asymptotic flatness by requiring that the spacelike slices {t = const.} are asymptotically
flat in the Riemannian sense. In the spherically symmetric framework, the latter is most
conveniently defined in terms of the mass , see e.g. [BP92].

Definition 2.3.1. A static spherically symmetric spacetime (cf. Definition [2.1.1)) is said
to be asymptotically flat with two ends if

lim 7(p) = £,

. . . . +
lim r(p) =00, lim m(p)=m m

p—too p—too oo’

where m% , 75 € R are finite.

%We would like to note at this point that the static coordinates (¢, p) are not really suitable for
studying black/white hole horizons, as the metric will generally become degenerate in these coordinates.
This can be seen already in the Schwarzschild case, where the classical coordinates are ill-behaved at the
horizon, and one is inclined to use e.g. the Kruskal-Szekeres coordinates as in Example 2:2.3] cf. also
Table Nevertheless, we will henceforth only focus solely on wormholes, which will be globally regular
in both the (¢, p) and the (z4,z_) system.
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Remark. These conditions ensure that the induced metric on the spacelike slices {t =
const.} satisfies
9ij = 5@‘ + 0(1/7")

in the standard Cartesian coordinates x*. One could obtain decay rates for the derivatives
of the metric g;; by imposing additional boundedness assumptions on the derivatives of
the mass m, but we do not include this in the general definition.

Note that the property r — oo as p — £oo actually implies that there exists at least
one point p = py at which r has a (local) minimum, which must also be positive since
r > 0 throughout the spacetime. At such a point, we necessarily have

7(po) =0,  #(po) >0,

so that p = po describes a timelike trapping horizon which is outer if #(pg) > 0, or
degenerate if 7(pg) = 0. In the degenerate case, such a trapping horizon should certainly
also be considered a wormhole mouth in the static case |[Vis96, §11.2]. In particular, we
see that the global requirement of asymptotic flatness at +0o automatically implies the
local definition of a wormhole mouth, provided that we allow it to have vanishing surface
gravity.

More generally, r could have multiple critical points, not all of which need to be
minima. To avoid overly pathological examples, we shall make the additional assumption
that r has only finitely many critical points, so that r is piecewise monotone. To complete
the nomenclature, we then say that a critical point pgy of r describesﬂ

o a wormhole throat if r has a local minimum at pg,

o a wormhole belly if r has a local maximum at py.

Thus when the surface gravity at pg is positive, we get a wormhole throat, and when the
surface gravity at pg is negative, we get a wormhole belly. In the degenerate case when
the surface gravity vanishes, we have #*(pg) = 0 and pg could describe either a throat or a
belly, or it could even be a non-extremal point of r (this was one of the main reasons for
excluding the degenerate case in the previous section, as the picture is considerably more
complicated when the spacetime is not static).

The discussion above allows for the following simple definition, which is essentially
equivalent to the standard definition [Vis96, §11.2], the only difference being that we also
allow for multiple throats.

Definition 2.3.2. A wormhole is a static spherically symmetric spacetime R? x S?
equipped with a Lorentzian metric of the form

g=—eP dt @ dt + r(p)? (dp @ dp + gs2),

satisfying the following conditions:

3Such nomenclature is common when dealing with static wormholes. In the non-static cases, it would
seem that a wormhole throat has several different meanings for different authors, so we preferred to use
the term mouth as suggested by Hayward [Hay09].
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2(p2) |

z(p1) |

z(po) |

Figure 2.1: Embedding diagram of a generic wormhole with throats at p = pg, p = po
and a belly at p = p;.

o 7,7 € C®(R) with r > 0 everywhere and r has only finitely many critical points;

¢ g is asymptotically flat with two ends, in the sense of Definition [2.3.1
If, in addition, we have that

o 7 and r are even functions of p,
then the wormhole is said to be symmetric.

Remark. This definition is purely geometric. From a physics perspective however, one
usually also wishes to impose that g obeys the Einstein field equations (2.2]) for some
accepted matter model, as we will also do in the future chapters.

It is common visualize a wormhole by freezing the time coordinate and fixing § = /2,
so that one looks at the equatorial slice, which is described by the surface of revolution
with induced metric

r(p)? (dp @ dp + de @ dy) .

Such a surface can be parametrized in R? via

(p, ) = (r(p) cos @, 7(p) sin p, z(p)),

where z is given by
P
o) = [V
0

as long as the right-hand side is well-defined (note that it is well defined at least near
a throat since 7 > 0 and 7 = 0 at any throat). This is usually referred in literature as
the embedding diagram of the wormhole, an example of which we have already seen in
Figure for the Ellis-Bronnikov wormhole. We present also a more generic example of
an embedding diagram in Figure [2.1
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Chapter 3

Geometry of principal bundles

In this chapter, we provide a brief overview of the tools necessary for the understanding
of Yang-Mills theory. We then study principal SU(2)-bundles with symmetry in more
detail, and in particular derive a well-known ansatz for the gauge potential, which will
be used in future chapters.

3.1 Principal bundle theory

Let us first discuss our notation concerning differential forms taking values in a fiber
bundle in We will then provide a brief review of principal bundle theory in
For more details on the topic, as well as elementary Lie theory, the reader can refer e.g.
to [KN63; Ble81].

3.1.1 Bundle-valued forms

Let M, E, F be smooth manifolds. A fiber bundle over M with total space E and fiber
F (often denoted F — E = M) is a smooth surjection 7 : E — M such that for each
x € M, there is an open neighbourhood U containing x and a diffeomorphism

¢:n Y (U)=UxXF

which preserves each fiber, in the sense that the restriction of ¢ to the set 7—!(x) is also
a diffeomorphism onto {z} x F' for each x € U. We call ¢ a local trivialization. A (local)
section of the fiber bundle F is a smooth map o : U C M — FE such that 7 o ¢ is the
identity map on U C M. The space of (local) sections of E is denoted by I'(E) = I'y(E),
where we usually suppress the open domain U if it is clear from the context.

For a fiber bundle E over M, we denote by

QF(M,E) =T(A*T*M ® E)

the space of E-valued differential k-forms on M. If E = R, we obtain the usual real-valued
differential forms on M, and simply use the notation QF(M). We can define various
familiar operations on E-valued k-forms.
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o The exterior derivative d : Q¥(M, E) — QFY(M, E) is defined by
d@® o) = (df) ® o,

where § € QF(M), o € T(F) and extended linearly.

o If ¢ : M — N is a smooth map, the pullback by ¢ is the map ¢* : Q¥(N, E) —
#*QF(N, E) defined by
P*(0®o)=(¢0) @0

where § € QF(N), o € I'(E) and extended linearly. Here,
¢*Q"(N,E) =T(A*(¢*'T*N)® E), ¢'T*N = [] Tj)N
zeM

and the pullback of the k-form @ is defined as usual by the formula

(6%0)2(X1,- - Xp) = Og(a) (A (X1), - .., A (X)),

for x € M and X; € T, M.
o The wedge product A : QF(M) x QY(M, E) — QF(M, E) is defined by requiring

ON(pR0o)=0ANp)R0

for all € Q¥(M), ¢ € QY(M) and ¢ € T(E), and extending (bi)linearly. Thus
we may write 8 A ¢ ® o without ambiguity. Note that such an operation does not
make sense if the first factor is also F-valued, unless we have additional structure.

o If E = g has a Lie algebra structure, we also have the commutator wedge product
[ A Q8 (M, g) x QY (M, g) — (M, g) given by

(0@ 0) A(n@N)]=(0An) &[0, N,

for € QF(M),n € Q(M) and o, X € g, and extended bilinearly. Note that this is
a symmetric operation, because the antisymmetries of the wedge and commutator
operations cancel out.

o If E comes equipped with a bundle metric, we may define a metric on QF(M, E)
via

(@@ o,n@X) = (0,040, \E
for 0, € QF(M) and o, A € T'(E), and extending bilinearly.
o The metric wedge product (- A-) : Q¥(M, E) x QY(M, E) — Q*(M) by

(@) A (@ N) = (0, \E (@A),
for € QF(M),n € QM) and o, A € T'(E), and extending bilinearly.
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o The Hodge star operator  : Q¥(M, E) — Q" ¥(M, E) is given by
*(0Ro)=x0)®@0c

for § € QF(M), o € T'(E) and extended linearly. Note that in terms of the metric
wedge product, we then have

(w, V) = *{w A *v),

whenever w,v € QF(M, E).

3.1.2 Principal bundles

Let G be a Lie group and P, M smooth manifolds. A principal G-bundle G — P = M
is a fiber bundle P 5> M such that:

¢ G acts smoothly on P to the right,

o the action preserves the fibers and is regular along them,

¢ the local trivializations of the fiber bundle are G-equivariant.
The Lie group G is often called the structure/gauge group. We recall here that a (right)
action of a group G on a manifold X is said to be regular if for any z,y € X, there is
a unique g € G such that xg = y. We also recall that a map f : X — Y between two
manifolds on which G acts to the right is said to be G-equivariant if f(xg) = f(z)g for
all x € X and g € G. These concepts are analogously defined also for left actions.

The local trivializations of a principal G-bundle G — P = M are in correspondence
with sections. Indeed, given a local section ¢ : U C M — P, we can define

YiUxG—=a ' (U), d(x,g)=o(2)g,

whose inverses are local trivialization of P. Conversely, a trivialization ¢ : 7=1(U) —
U x G defines a section o : U — P via

o(x) = ¢ x,e).

In the context of principal G-bundles, it is often more convenient to work with sections
than trivializations. A section is often also referred to as a gauge.
Let us give two examples.

¢ Possibly the simplest example of a principal G-bundle over a manifold M is the
trivial bundle G — M x G 5 M, where the projection and the action are given
respectively by

m(xz,9) =z, (x,9)90 = (2,990), z €M, g,90€G.

This is referred to as the trivial principal G-bundle over M.
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o A less trivial example of principal bundles is given by homogeneous spaces. Indeed,
given a Lie group G and a closed Lie subgroup H, it is well-known that G/H
defines a smooth manifold, and

H—-G5G/H

defines a principal H-bundle, where the projection 7 is the usual quotient map
g +— gH, and the H acts trivially on G to the right.

The projection map 7 of a principal bundle P = M is a submersion, and each
fiber P, = 7~ !({z}) is a smooth manifold whose tangent space at p € P, satisfies
T, P, = kerdm,. The disjoint union of these tangent spaces forms a subbundle of T'P
called the vertical distribution

V =kerdr = H ker dmp,.
peP

We note that V' is right-invariant in the sense that V,, = dry(V}). A k-form 6 € Q(P, g)
is said to be horizontal if it annihilates vertical vector fields, i.e. if

0(X1,..., X)) =0 (3.1)

whenever at least one of the vector fields X; € I'(T'P) is vertical, i.e. an element of I'(V').
For X € g, we define its fundamental vector field X* € T'(TP) as

d
X =— tX).
p dt tzop eXp( )
Note that the map
g2 X=X eV,

is a linear isomorphism for each p.
A connection form on P is a g-valued 1-form w € Q' (P, g) which preserves vertical
vector fields and is of Ad-type, i.e.

w(X*) =X, for X €g,

row = Adg-1 0w, forgedG.

When G and g are represented as matrix groups, the latter Ad-type condition is often
rewritten using the notation
Adg-1ow = g lwg,

where the right-hand side is interpreted as matrix multiplication on the g-factor of w.
Given a section o : U C M — P, we can pull down the connection to a g-valued 1-form
o*w =w’ € QY(M,g) on M. The form thus obtained is often called a gauge potential and
the section is referred to as a gauge. Given a map g : V — G, the gauge transformation
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induced by g is the transformation of the section via ¢ +— og, under which the connection
transforms as
w? = Adg1ow? +dlg-1 0 dg.

In fact, one could equivalently define a connection on the principal bundle by instead
providing a family of sections and g-valued forms respecting such a transformation law,
and patching them to a well-defined form on P.

The transformation law features the important Maurer-Cartan form (sometimes also
called the canonical form) pu= u® € Q(G,g) of a Lie group G, defined as the identity
map on g and extended left-invariantly, i.e.

pg = dly—1 odg,

where we regard g : G — G as the identity mapping. If the Lie group is represented as a
matrix group, then this is more commonly written as

1y =g 'dg,

where the right-hand side is interpreted as matrix multiplication on the g factor of dg.
Given a connection w € Q!(P, g), the exterior covariant derivative with respect to w
is the map
d, : QF(P,g) — Q"D g)

defined by
dwn<X17 ) XkJrl) = dU(X1H7 s 7XI£H)7

where XiH are the projections of the vectors X; onto the horizontal distribution

H =kerw = H ker wp.
peEP

Note that the exterior covariant derivative of d,n of any form 7 € QF(P, g) is horizontal,
cf. (3.1). Furthermore, if 7 is of Ad-type, then so is dn. If 1 is horizontal and of Ad-type,
we have the generalized Cartan identity

dwn = dw + [w A7), (3.2)

which is useful for computations.
The curvature of the connection w is the 2-form

E, = d,w € Q*(P,qg).

The curvature is a horizontal form of Ad-type on P. It satisfies the structure identity[]

1
F,=dw+ §[w A wl, (3.3)

'Not to be confused with the generalized Cartan identity (3.2). Note that w is not necessarily
horizontal, so the latter does not apply, which is also hinted by the factor 1/2 in front of the commutator
term.
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as well as the Bianchi identity
d,F, = 0.

Under a gauge transformation o — og, the pullback ¢*F,, = FJ transforms as
FJ— Adg10F. (3.4)

The connection and curvature are thus objects that naturally live on the total space
P. However, in most cases one ultimately wants to work on the base manifold. There is
a construction that allows this.

Let G — P 5 M be a principal bundle. Let F' be a smooth manifold and let H be
a Lie group acting on F' effectively to the left. Further let A : G — H be a Lie group

homomorphism. The associated fiber bundle is the fiber bundle P x ) F' Ty M defined as
the product P x F' factored by the equivalence relation

(0. ) ~ (pg, Mg~ f), g€@,

and equipped with the natural projection 7([p, f]) = m(p).
As a particularly important example of this construction, consider the automorphism
group Aut(g) which naturally acts on the Lie algebra g to the left. The fiber bundle

AdP:=P xpqg = M

associated to the adjoint representation Ad : G — Aut(g) is called the adjoint bundle.
The point of introducing this construction is that the space of horizontal forms Q¥ (P, g)
of Ad-type on P is isomorphic to the space of forms QF (M, Ad P) defined on M. Explicitly,
given a horizontal @ € QF(P, g) of Ad-type, the corresponding w € QF(M, Ad P) is defined
by ) 3
wx(Xl, e ,Xk) = [p,(,:Jp(Xl, ey Xk)],

where p € P and X; € T,P satisfy n(p) = 2 € M and dr,(X;) = X; € T, M. This
definition is independent of the choice of vector fields X; by the horizontality of w, and it
is independent of the choice of p by the fact that w is of Ad-type. The exterior covariant
derivative can therefore also be viewed as a map

dy, : QF(M,Ad P) — QF1(M, Ad P).

Even though a connection form w € Q!(P,g) is not horizontal, we see that the
difference of two connection forms is horizontal and of Ad-type, and can hence be
identified with an element of Q'(M,Ad P). More importantly, the curvature form
F, € Q2(P,g) is both horizontal and of Ad-type, and can thus be identified with an
element of Q2(M, Ad P).

Assume now that G is compact, so that we can find a bi-invariant inner product (-, -)4
on its Lie algebra g. If G is semi-simple, we may take define the metric to be a negative
multiple of the Killing form

(X,Y) — tr(adx oady),
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where ad is the adjoint endomorphism adx Y = [X,Y]. We can then define an inner
product on Ad P fiberwise by defining

<[ 7X]a [q7Y]>x = <X7 Y>E'

Observe that this is well-defined and independent of chosen representatives by the assumed
bi-invariance of the inner product on g. Thus we also obtain an inner product on k-forms
QF(M,Ad P). In particular,

(Fw>Fw>QZ(M,AdP) = ||Fw||52)2(M,Adp) = (Fu AxFy)

defines a smooth function on M. By construction, for a given gauge o : U C M — P, we
also have

0" Fullgeary = IFullBearaapy 0 U

In a gauge, we can get an explicit formula that is useful for calculations. Indeed, iiﬂ
* 1 v
o*'F, = idx“/\dx ® Fu, Fu€g,

we see that

* 1 1
o™ Fulleary = 7 (o A da”, da® A da?)g (Fiu, Fag) = 5 (Fu, ).

Throughout the rest of this work, we will abuse the notation, and often simply denote
this norm by ||F, ||, regardless of which interpretation of F,, we choose.

Having transferred the problem to the base manifold M, we can now define the
Yang-Mills functional as

QI(P,g)awr—)/ ||Fw\|2volg:/ (F, A*F,).
M M

Critical points of this functional are called Yang-Mills connections and are of great
importance in particle physics. In this work the Yang-Mills functional will appear as a
part of the more general haunted Einstein-Yang-Mills theory, so we will not study it in
the present section in more detail. Instead, we end this section by noting an integration
by parts formula for the exterior covariant derivative which will turn out to be useful for
calculating the variation of the functional. Namely, if w € Q!(P, g) is a connection, we
have

/ (o A58 = (—1)n(E=D-+p+1 / (A xdy % 0), (3.5)

M M

where n € QF(M, Ad P) is compactly supported, § € Q¥+1(M, Ad P), and p is the index
of the metric g.

2The factor 1/2 seems to be standard in electromagnetism literature. I suppose this is because it makes
it easier to read off the components of a given form, so e.g. with this notation, the form F,, = Q dz* A dz?
would have Fi2 = —Fa1 = Q.
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3.2 Spherically symmetric SU(2) connections

Throughout the rest of this work, we will focus on the case when the gauge group
G = SU(2). We therefore wish to understand principal SU(2)-bundles over a spherically
symmetric spacetime manifold M = R? x S? (cf. Definition , as well as connections
on these bundles. To do this, we will impose additional symmetry, i.e. we will also
introduce the notion of spherical symmetry for principal bundles and connections. We
will then show (see Theorem for a more precise statement) that the most general
non-trivial spherically symmetric connection on a spherically symmetric SU(2)-bundle
has the well-known form (in a gauge)

w=(wdf —vsinfdp) ® X + (vdf + wsinfdp) @Y
+ (adt +bdp+ cosfdy) ® Z,

where

o (t,p,0,¢) € R? x S? are the spacetime coordinates,
© w,v,a,b are smooth functions of (¢, p),

o X,Y, 7 is the standard basis for the Lie algebra su(2) given by

ifo 1 i [0 —i i1 0
X__zLoy Y“zL oy Z“zk 4} (36)

satisfying the commutator relations

X,)Y]=2 [V,Z]=X, [ZX]=Y.

Although this ansatz for the connection form is well-known and has been used in what
seems like an infinitude of research articles concerning SU(2) Yang-Mills theory, it seems
to be difficult to find references where this is derived explicitly. We therefore present the
derivation here in more detail, using a more general theory of invariant connections over
principal bundles with sufficient symmetry. We will first state some general definitions
and results, and then specialize to our particular setting.

Definition 3.2.1. Let M be a smooth manifold and K a Lie group (called the symmetry
group). We say that M is K-symmetric if it admits a decomposition of the form

M>=NxK/H
for some smooth connected manifold N and closed Lie subgroup H C K.

Note that every K-symmetric manifold M has a natural left action of K. Indeed,
since K acts on K/H by multiplying the cosets to the left, we may also define an action
on M that leaves the N-factor unchanged.

Definition 3.2.2. Let M = N x K/H be a K-symmetric manifold, and let G be a
compact Lie group (called the structure/gauge group).
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o We say that the principal G-bundle P 5 M is K-symmetric if the action of K on
M admits a lift to an effective left action on P by bundle automorphisms (i.e. the
lifted action of K should commute with the bundle G-action).

o We say that two K-symmetric principal G-bundles P = M and P 5 M are
equivalent if there exists a map ® : P — P such that # o ® = 7 which is equivariant
both with respect to the right action of G (so that P and P are isomorphic as
principal G-bundles) and with respect to the left action of K.

o A connection w € Q(P, g) on a K-symmetric bundle P is said to be K-invariant if
Gw=w, forall kekK,
where /;, denotes the left action by £ € K on P.

In both of the previous definitions, when K = SU(2), then the a K-symmetric
manifold /bundle/connection is often also said to be spherically symmetric.

Having defined all the necessary notions, we can now state a general theorem which
gives a characterization of K-symmetric bundles over a K-symmetric manifold, and also
a characterization of the K-invariant connections on such bundles.

Theorem 3.2.3 ([Bro96; HSVO08]). Let M = N x K/H be a K-symmetric manifold and
G a Lie group. Denote the Lie algebras of K, H, G respectively by €, b, g.

(i) The equivalence classes of K-symmetric principal G-bundles over M are in one-to-
one correspondence with conjugacy classes of Lie group homomorphismaﬁ A H—G.
More explicitly, for a homomorphism A : H — G, define the associated bundle
G — P\ 5 M as the product N x K x G factored by the equivalence relation

(y,k,9) ~ (y,kh, \(h"1)g), he€H,

where the projection and the actions of kg € K and go € G are defined respectively
as

m([y, k. g]) = (y, [k]),  koly, k. 9] = [y, kok, gl, [y, %, glg0 = [y, k., gg0],

for [y,k,g] € P\. Then Py is a K-symmetric principal G-bundle over M. Con-
versely, any K-symmetric principal G-bundle P over M is isomorphic to Py as
defined above, where X\ = Xy, is the isotropy homomorphism defined by the relation

hpo = po)\(h), h e H,

for some given fixed pg € P.

3Two homomorphisms A, i : H — G are said to be conjugate if there exists a g € G such that

A(h) =g 'u(h)g, heH.
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(ii) The K-invariant connections on the bundle Py are uniquely determined by:

o A smooth map
A:N— VV>\7

where W is the space of linear maps A : € — g satisfying the Wang conditions
o Ao Adp = AdypyoA forallh € H,
o Alp =dA.
o A one-form n on N with values in the subalgebra of b which is invariant under

the adjoint action of \(H).

Ezplicitly, a choice of section o : U — K of the bundle K — K/H induces a gauge
on Py under which the K-invariant connection corresponding to (A,n) pulls down
to the gauge potential

w=Aoo*uX +n (3.7)

on N x U C M, where u is the Maurer-Cartan form on K.

In the context of the present manuscript, we will work with gauge group G = SU(2),
and we are interested in spherically symmetric manifolds of the form

M =R?* x §2.
In terms of the general notation employed above, we thus have
N=R? K=SU@2) =s® H=U®l)=s.

We will work with the already mentioned basis for su(2). In particular, u(1) C su(2)
is spanned by Z, and we can view U(1) as the subgroup exp(RZ) of SU(2). Here, the
homogeneous space

K/H =SU(2)/U(1) = §?

can be viewed as a U(1)-bundle via the Hopf ﬁbratiorﬁ
7:S$$cC?—=S*cCxR, (z,w) = (2izw, |z|* — |w[?), (3.8)
where we employ the standard identification

zZ —w

w z

SU(2) > [ } g(Z,IU)ESSCCQ, ]z‘2+\w12:1-

Lemma 3.2.4. The conjugacy classes of homomorphisms X : U(1) — SU(2) are given
by the non-negative integral powers

A=\, 1 exp(sZ) — exp(snZ), 0<n¢eZ.

“4For later convenience, we modify the first factor of the fibration to be 2iZw (more commonly this is
taken to be 2z1). This can also be viewed as a modification of the identification R* 2 C x R.
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Proof. Firstly, A, is clearly a homomorphism for any n € Z. Conversely, we need to show
that any other homomorphism p : U(1) — SU(2) is conjugate to some A, for n > 0.
To see this, note that the elements of the image p(U(1)) are unitary matrices which
commute (since p is a homomorphism and U(1) is abelian), and therefore they admit
a simultaneous diagonalization by a unitary matrix g € U(2), in view of the spectral
theorem. Since the elements of ©(U(1)) C SU(2) furthermore have unit determinant,
the matrix ¢g can be chosen in SU(2). Therefore, y is given by

exp(a(s)Z)g (3.9)

for some o : R — R. Then p is a homomorphism if and only if /i : exp(sZ) — exp(a(s)Z)
is an endomorphism of U(1). But it is well-known that this is the case if and only if
a(s) = ns for some n € ZE| For the case of u, the integer n can furthermore be assumed
to be non-negative, since an additional conjugation in e.g. by exp(nY') € SU(2)
sends o — —a. O

p:exp(sZ) — gt

Remark. The results of [HSVO0S| also show that the bundle Py — M associated to the
homomorphism A : H — G is trivial (i.e. admits a global section and is thus isomorphic
to the trivial principal G-bundle over M) if and only if A can be extended to a smooth
map A : K — G such that

AkR) = A(k)X(R), ke K,he H.

In the context of Lemma this is the case if and only if n = 0 or n = 1.

We continue by studying the K-invariant connections induced by the homomorphisms
An. Note that the differential dA,, : u(1) — su(2) satisfies

d d
d\(Z) = T Anoexp(sZ) = T exp(snZ) =nZ.
s=0 s=0

Thus, if A, is a map satisfying the Wang conditions corresponding to A, cf. Theorem
3.2.3| (ii), we get
A (Z) =dA(Z) =nZ.

On the other hand,

An(X) = *An([z’ Y])

d
= T3 Apo Adexp(SZ) (Y)
Sls=0
d
= _g 0 Adexp(an) OAn(Y)
= —n[Z, Ap(Y)].

5This can be seen e.g. by calculating the differential dji and using the fact that the endomorphisms
of u(1) & R must be of the form x — na for some n € R. The constant n then must be an integer in
order for the map fi to be well-defined.
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In an entirely similar manner,
A (Y) =nl[Z, A (X))
Since Ap(X), An(Y) € su(2), we may write them in the basis as
A(X) =wX +ovY +uZ, A(Y)=aX+bY +cZ,
so that the latter two conditions reduce to
u=c=w—-nb=b—nw=v+na=a+nv=0.

This system has non-trivial solutions if and only if n = 1. In particular, we get

0 1 0 1.
An(X)={ " nEL =" "7
wX +vY, n=1 —vX +wY, n=1.

Next, we wish to calculate “spherical part” of the connection form (3.7)), so we need
to fix a gauge, i.e. a section of the bundle SU(2) — SU(2)/U(1) = S%. Consider the
map o : (0,7) x [0,27) — SU(2) given by

_ie 0 . e .
€ 2 COS5H —1€e 2 SIn 5
0(0,¢) = exp(pZ) exp(6X) = [ o aw 2] :
—iez sin§  e2 cosg

Note that under the Hopf fibration (3.8), we have

ip 0 i

(0, ) = (6_2 co8 o —ie? sin g) i (ew sin 6, cos 0) >~ (0, p) € S%,
which shows that o defines a section of the bundle SU(2) — SU(2)/U(1) with respect
to the standard coordinates (6, ¢) on S? \ {poles}. Now
do=d0®@cX +dp® Zo,
so that the pullback of the Maurer-Cartan form p = xSY() on SU(2) by o is given by
o =o0"tdo
=X +dp®o ' Zo
=dd® X +sinfdp®Y +cosfdp ® Z. (3.10)

We therefore get

Apooc*u=d0 @ A(X) +sinfde @ A(Y) + cosfdp @ A(Z)
= (wdf —vsinfdy) ® X + (vdf + wsinfdy) Y + ncosfdp ® Z,

where w, v are smooth functions on N = R2, and are assumed to be zero unless n = 1.
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To complete the connection form , we still need a one-form on N = R? with
values in the subalgebra of elements of 1u(1) which are invariant under the adjoint action
of A(U(1)) = U(1). But this subalgebra is the entire u(1), so that any form n which is a
multiple of Z is eligible, i.e.

n=(adt+bdp)® Z,

where (¢, p) denote the coordinates on R? and a, b are smooth functions of (¢, p). Invoking
now Theorem [3.2.3] we obtain the following.

Theorem 3.2.5. The equivalence classes of SU(2)-symmetric principal SU(2)-bundles
over M = R? x S? are in one-to-one correspondence with non-negative integers. If w is
an SU(2)-invariant connection over the bundle corresponding to 0 < n € Z, then a gauge
can be constructed so that the connection form pulls down to the one-form
w=(wdf —vsinfdy) ® X + (vdf + wsinfdp) ®Y
+ (adt +bdp+mncosfdy) ® Z,

on M, where w,v,a,b are smooth functions of (t,p) € R2, and (0, ) are the standard
coordinates on S?. Furthermore, w and v are identically zero unless n = 1.

Remark 3.2.6. We note that this form of w is preserved by U(1) gauge transformations
of the form h = exp(—aZ), where « is a smooth function of (¢, p). Indeed, we have
h™'Xh = cos(a) X + sin(a)Y,
h™Y'h = —sin(a)X + cos(a)Y,
h1Zh=2Z,
h~tdh = — (G dt + 9,adp) ®@ Z

so that the transformation law
wr h lwh+h~tdh

therefore gives

wr weosa —vsina,  a+— a— O, (3.11)
v wsina+vcosa, b b— 0,0 '

We now make a few simplifying remarks for the static case, i.e. when the functions
w, v, a,b describing the connection depend only on p:

(i) We can make a U(1) gauge transformation depending only on p so as to achieve
b = 0. Explicitly, we should select

a(p):ao—l—/opb

for some g € R. The gauge thus obtained is sometimes called the radial gauge.
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(ii) Observe that the same cannot be done to achieve a = 0, as that would require a
time-dependent gauge transformation (i.e. one depending on t), which would also
make the connection time-dependent.

(iii) If v happens to be a constant multiple of w, then we can make a constant U(1)
gauge transformation so as to make v = 0. Explicitly, if v = Sw, we can can take

ag = — arctan 3,

cf. (i). It will in fact turn out from the Yang-Mills equations that this is indeed the
case.

Let us hereafter assume n = 1 and that the local gauge potential is static and given
in the radial gauge as described above, i.e.

w=(wdf —vsinfdy) @ X + (vdf + wsinfdy) Y + (adt + cosfdp) ® Z,

where w, v, a are functions only of p. Let us compute the curvature using the structure
identity (3.3). We have

dw= (wdpAdf—vdpAsinfdy —vcosfdd Adp) @ X
+ (0dp NG +wdp Asinfdy +wcosfdd Adp) @Y
—(adt Adp+df Asinfdy) ® Z,

1
i[w/\w] = — (avdt Adf + awdt Asinfdy —vcosfdf Adp) @ X

+ (awdt Adf — avdt Asinfde —wcosfdd Ady) @Y
+ (w? +v*)df Asinfdp ® Z.
The curvature of w therefore satisfies
F, :dw—k%[w/\w]
=— (avdt —wdp) A (dd ® X +sinfde®Y)
+ (awdt+0dp) A(dO®Y —sinfdp @ X)
— (c'zdt/\d,o—l—(l—w2—UQ)dG/\sinﬁdcp)®Z. (3.12)

In particular, see that the connection is flat if @ = 0 and w? + v = 1 with both w and
v constant. This is unsurprising since in this case we can make v = 0 by a constant
gauge change (cf. Remark above), and for w = 1 the gauge potential w is just the
pullback of the Maurer-Cartan form on SU(2), cf.

We would like to end this chapter with a discussion of the notion of charge in Yang-
Mills theory. In analogy with Maxwell’s theory of electromagnetism, one would ideally
like to define these as the Lie algebra valued limits

lim *F,, and lim F,
p—too Sﬁ p—too S,%
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where Sz denotes the spatial 2-sphere of radius r(p). Note that the resulting quantities
are gauge-dependent, cf. [CK87| for a detailed discussion. If the Lie algebra also comes
equipped with a bi-invariant metric, then one can define the Yang-Mills charges as the
scalars

p—rEoo || 8 p—rtoo 8771'

1 1
QT = lim f *xE,|| and P*= lim wa ,
s2 sz

cf. [BP92|. In analogy with electromagnetism, we refer to Q* and P* respectively as
the asymptotic electric and magnetic Yang-Mills charges. For the connection w with

curvature (3.12)), these are given by

Q* = lim re"|a|, P¥= lim |1 —w?—v? (3.13)
p—too p—too
We will search for so-called hairy solutionsﬁ These have vanishing charges at infinity
QT = P* = 0, but the potentials a,w,v are not all trivial. In particular, we will
later make the simplifying assumptions a = v = 0, so that hairy solutions will have
non-constant w and satisfy the boundary condition |w| — 1.

5The nomenclature originates from Wheeler, who famously said that black holes have no hair.
More precisely, with this statement he wished to capture the celebrated static no-hair theorem for the
Einstein-Maxwell theory, which roughly says that the static asymptotically flat black hole solutions
of the Einstein-Maxwell equations are completely determined by the mass and the electric/magnetic
charge, and are in particular described by the Reissner-Nordstrém family. One of the big surprises of
replacing the Maxwell theory with more general Yang-Mills theories was the disproval of a straightforward
generalization of such a no-hair theorem. Nevertheless, one can still obtain theorems of “no-hair type”,
an example of which we will see in
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Chapter 4

Haunted Einstein-Yang-Mills
theory

In this chapter, we will describe the Einstein-Yang-Mills theory coupled to a phantom field.
The theory can be viewed as a local Lagrangian theory where the Lagrangian is composed
of the Einstein-Hilbert Lagrangian, the Yang-Mills Lagrangian, and a Lagrangian for a
phantom scalar field. Even though the theory behind each of these Lagrangians separately
is well-studied in literature (see e.g. [Chol5; Ble81]), it would appear that references for
the combination that we study in this manuscript are somewhat difficult to find, mainly
due to the phantomic nature of the scalar field. In fact, the articles [Shcl12; Hau+-14] are
some of the only ones the author is aware of. We will therefore present the theory in
a mathematically rigorous manner here, including all the relevant calculational details.
We will also derive the Euler-Lagrange equations for the static spherically symmetric
setting with gauge group SU(2), study some classical solutions within the framework of
this theory, and also prove a “no-hair” theorem.

4.1 Lagrangian and Euler-Lagrange equations

Let M be a smooth n-dimensional manifold, G a compact Lie group with a bi-invariant
metric on its Lie algebra g, and G — P = M a principal G-bundle over M. We define:

o Met(M) as the set of semi-Riemannian metrics on M with a given fixed indexE]
o Con(P) as the set of connections on the principal bundle G — P = M,

o CF(M) as the set of k-times continuously differentiable real-valued functions on M.
We define the product space

X := Met(M) x Con(P) x C*(M),

LFor our purposes it suffices to take n = 4 and consider only Lorentzian metrics on M, i.e. those with
index equal to 1, but the formulation of the theory remains unchanged in the more general case.
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and we consider the local Lagrangian theory induced by the map L : X — Q"(M) given
by
L(g,w, ¢) = (Ry — [|Fu[1* + ||dg||*) vol,. (4.1)

Alternatively, one can also write the Lagrangian using the language of forms (resp. in
coordinates/gauge) as

L(g,w, ) = Ryvoly — (Fy A%E,) + do A xdo
1
= <Rg — §<F/w= Fr) + augb({)“d)) V|det gl dat AL A d2™,

where F),,, are the components of the curvature F;, in a local gauge, i.e. F,, = %dx“ A
dz” ® F,,. As one usually does, we employ the principle of least action and look for
stationary points, in the following sense.

Definition 4.1.1. A triplet (g,w, ¢) € X is said to be a haunted Einstein-Yang-Mills
system if for any compact K C M and variation

(9(t),w(t),d(t)) = (9w, ) + t(h,n,¥) € X
such that supp,,(h,n,v) C K, we have

d
dt

/ L(g(t). w(t), 6(£)) = 0.
t=0J K

Here, supp,(h,n,1) denotes the union of the projected supports in M, i.e. of
suppys(h) =cl{z € M | hy(X,Y) # 0 for some X,Y € T, M}
suppyr(n) =cl{z € M | n,(X,Y) # 0 for some p € 7 Yz) and X,Y € T,P}
supp (1) = cl (4 7(0)),

with cl denoting closure. In fact, since the difference of two connections is horizontal, we
could also view 7 as an element of Q'(M, Ad P) and extract its support there, but this
results in the same set of course.

At this point the reader might be wondering about the (lack of) physical constants in
front of the terms in the definition of the Lagrangian . In fact, if we consider

L7 (g,w,6) = (aRy — Bl Ful* + 7ld¢|*) voly,

for positive (real) constants «, /3,7, then we see that

Lo (g 9w, \/f¢> =P <g) " Lig.w. ).

where we use the identities

n 1 1 1
Voloy = c¥voly,  Rey = Rye [Fuly = SIFLIE 14612, = -6,
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for any positive real constant c¢. Thus, one does not lose generality by making the
simplifying assumption a = § =v = 1.

We continue by deriving the Euler-Lagrange equations associated with the problem
in Definition 1.1}

Theorem 4.1.2. A triplet (g,w,¢) € X is a haunted Finstein-Yang-Mills system if and
only if

Ric, — 2(F, ® F,) + -5 || Fu|?g + d¢ @ d¢ = 0, (4.22)
dy, * F, =0, (4.2b)
Oy¢ = 0, (4.2¢)

where

o n is the dimension of the base manifold M,

o dy, denotes the exterior covariant derivative with respect to the connection w,
o * is the Hodge star operator with respect to g,

o Uy = g"'V,0, is the wave operator with respect to g,

o the quantities related to F,, are defined in a gauge and local coordinates on M by

1 1
(Fo® Fo) = 5{Fua, F, ) da¥ 0da”,  |FlP = S(Fyu, ),

where F,, = § da# A da” ® F,,. Note that trg(F,, ® F,) = ||F,|*.

We refer to (4.2a)) as the (trace-reversed) FEinstein field equation, (4.2b)) as the
Yang-Mills equation, and (4.2c]) as the phantom field equation.

Proof. As already mentioned at the start of the chapter, the variation of each of the
terms in the Lagrangian is fairly standard in literature, but we present some details here
to make sure we get the correct signs/constants between the terms in the final equations.
For simplicity we denote

Lg(t) = Ry voly),
Lym(t) = [[Full2 ) volye
Lp(t) = [Idg(t)][2 4 volg(e),

so that L = Ly — Lynm + Lp. Following Definition we consider a variation
(9(t),w(t), o(t)) = (9,w, @) + t(h,0,7), te (—¢e),
where (h,n,1) has compact (projected) support in M. Throughout the proof, we will
use the standard notation q
dtl_y
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We first observe that a differentiation of the identity g(t)"*g(t)a, = 1", (the latter
denoting the Kronecker delta) implies that

Sg(t) = —hh,
and so in particular the variation of the trace operates as
dtryyy = —trp +1trgd.
Let us calculate §Lg(t). To start with, we have
dRy(p) = 0 trg Ricyy) = — try Ricy + trg dRicy (),

so it suffices to compute the variation of the Ricci curvature. To this end, we recall that
in local coordinates

Ric,, = 8AFAW — 9T, + FAAJF"W - FAWF"M,

where the Christoffel symbols satisfy

1
FA,uu = 5.9)\0(8#91/0 + al/g;w - ao‘.g,uu)'

A calculation in normal coordinates (this is permitted since 6I" is tensorial) shows that
O = 20 (Vahwo + Vihig — Vohyw)
g(t)) pv — 29 ulvo vilpo oy

(8Ricy (1)) v = VA (6Tg(5)) = Vi (6T () "0

where V is the covariant derivative with respect to g. Using these formulae, one may
calculate

try ORicy )y = VIV hyy — VIV (9" hy)
= divydivg h — Oy trg h = div, Y,
where Y is the compactly supported vector field defined by
Y =divgh — Vitrgh.

It follows that
(SRg(t) = —try Rng + dng Y.

Next, interpreting g and h as matrices, we have, by Jacobi’s formula,
Sdet g(t) = tr(g 'h)det g = "y det g = g M det g = trp(g) det g,
and consequently,

1
dvolyy = 6+/|det g(t)|dz = 5 trp,(g) voly.
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Hence,

SLg(t) = 6 Ry voly + Ry dvolyq

1
= —try, <Ricg - §Rg g) volg + (divg Y') volg,

1
5/ Ly(t) = —/ try (Ricg - =R, g> volg,
K K 2

where the last term vanishes by the divergence theorem.
Next, we consider the phantom Lagrangian Lp. We have

31l dd(t)|[2 ) = 8 trgqn) (Ao (t) @ do(t))
= —trp(d¢ ® do) + 2(de, dip),

and it follows that

Hence,

SLp(t) = Blld(t) 12 voly + [l ()2 Svolyq

= —try, <d¢ ® do — ;\\dgb\g) voly + 2(d¢, dib) 4 vol,

so that

1
(5/KLp(t) _ —/Ktrh (d¢®d¢—2ud¢ugg) Volg—Q/K(l:lg 6) 1 vol,.

where we use Green’s identity on the last term (the boundary term vanishes because 1)
has compact support).
Lastly, for the Yang-Mills term, we define the tensor field

1
(F,® F,), = igU’B<FMV7 F.p)dat @ dz®,

and calculate

1 o 14
5HFw(t)HZ(t) =9 (29@)“ g(t) B((E.u(t))ltw (Fw(t))aﬁ>)

= —2tI‘h<Fw ® Fw>g + 6‘|Fw(t)||3

By the structure identity for the curvature we get

1
Fory = dw(t) + Slw(t) Aw(?)]
1 t
:dw+tdn+§[w/\w] + t{w A7) +5[77/\77]
2
:Fw+tdwn+§[77/\n]7
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where the last line follows from the generalized identity of Cartan (3.2)). Therefore,
5||Fw(t)H?1 = 2(dwn, Fw>g7
and we get

SLxaa(t) = 3] Eugy I voly + [ Eu” Svolygy
1
= —try, <2(Fw ® F,) — 2HFwH2g> volg + 2(dun A *Fy)g.
Now we note that by formula (3.5, we have

/K<dwn/\*Fw) = (—l)m/ (n Axdy, x E,),

K
for some natural number m € N whose value is immaterial in this context. Hence,

5/KLYM(t) - —/Ktrh <2<Fw®Fw) _ ;HFwHQg> Volg+2(—1)m/K<dwn/\*Fw)

Summarizing the findings, we finally get

5 /K L(g(t),w(t), (1))

zé/KLE(t)—5/KLYM(t)+5/KLp(t)

:2(—1)m+1/K<77/\*dw*Fw>—/KElggb@Z}volg

. 1
_ /Ktrh (Rlcg ~ 2R, ® Fo)g +dp@dg — 5 (Rg — |1 FLIIZ + [1dg]2) g> volg.

Since the latter is supposed to vanish for all variations (h, 7, ¢), we see that each term
must be zero, and in particular we obtain the Einstein field equation

. 1
Ric, — 2(F @ By + o © o — 5 (Ry — | Full2 + [46]2) g = 0,
the Yang-Mills equation (using also the fact that * is an isomorphism)
d,x F,, =0,
and the phantom field equation
Ly =0.
Taking the trace with respect to ¢ in the Einstein field equation, we also see that
2
Rg — HFwa; + ”d¢||_¢2; = m”Fng,

which we may insert back into the Einstein field equation to simplify it. This yields an
equivalent (so-called trace-reversed) formulation of the equation, as can be seen by taking

the trace again and reinserting it into the equation, which again results in the original
formulation. This completes the proof of Theorem [4.1.2 O
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4.2 Static spherically symmetric ansatz

We are now ready to reduce the system of PDEs to a system of ODEs by
making staticity (i.e. time independence) and spherical symmetry assumptions for the
metric g, connection w, and phantom field ¢. In the first two subsections we compute
the metric- and the connection-related quantities needed to write down the equations. A
lot of these computations seem to be difficult to find in literature, so we present some
more details here for completeness. The reader not interested in these details may skip
to §4.2.3] without loss of continuity.

4.2.1 Metric
We consider the manifold M = R? x S?, equipped with the Lorentzian metric
g=—eP dt @ dt + r(p)? (dp @ dp + gs2),
where g.2 is the round metric on S?, given in standard spherical coordinates (6, ¢) by
g2 = df ® df + sin? 0 dp ® dp.

Throughout the rest of the manuscript, dot will denote differentiation with respect to p.
The non-zero Christoffel symbols of the metric are given by

2T

e“TT 7
to_ - P _ P _
Yy, =1, Iy = 72 Fpp—;v

7 T T

p _ T p T2 6 _1o _ T
Iy = o Iy = rsm 0, Pp9*F9p*Tv
9 = —Llsin20), %, =0%,=_, ¥ =T% =cotf
pp — T 2 Sln( )7 pY — PP r’ 0o — b cotv.

Using this one can compute the non-zero components of the Ricci tensor

27— .. . ..
RiCtt:€2<%+7.'2+rT)a Riceﬁzl_f_rla
r r roor (4.3)
.. 2-2 2..
Ric,, = — <T +H - :) . Ricyy, = Ricgy sin? 6.

The volume form reads
voly, = r3e” dt Adp A df Asinfdy,

where /| det g| = r3¢7 sinf. The wave operator is therefore given by

1
O,¢6=——9 wy/ldet g| 0,
g @ [det | 1 (9 | det g| d’)

L d gy = %2 [q’b’ + (% - :) q’b] : (4.4)

T 3T dp
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By the definition of the Hodge star operator, we can also calculate

*(dt ANdp) = —re”"df Asinfdp, *(dt Asinfdy)=—re "dpAdl

*(dt Adl) =re TdpAsinfdp,  *(dp Asinfdy) = 67 dt A db, (4.5)

T

*(dp A db) = 67 dt Asinfdey, *(dO A sinfdy) = 67 dt A dp.

4.2.2 Connection

In Theorem we have classified the SU(2)-invariant connections on SU(2)-symmetric
principal bundles over M by an integer n € Z. For our ansatz we will consider the bundle

corresponding to the non-trivial case n = 1. The most general SU(2)-invariant static
connection w over M can then be written as (cf. Theorem and Remark as

w=(wdf —vsinfdy) ® X + (vdf + wsinfdy) @Y + (adt + cosfdy) ® Z,

where a,w,v € C?(R) are functions depending on p only, and the basis for the Lie algebra
su(2) is given by

v Y vt i) i 2
These are normalized so as to satisfy the commutator relations
X,)Y|=2 [Y,Z]=X, [Z,X]=Y.
We also equip su(2) with the inner product induced by its Killing form, i.e.
(A, B)sue) = —tr(adacadp) = —4tr(AB), A, B € su(2).

The basis elements X, Y, Z are orthogonal with respect to this metric andE|
1 2 1 2 1 2
Recall from (3.12) that the curvature of w satisfies
1
F, =dw + §[w/\w]

=—(avdt —wdp) A (dd ® X +sinfdpRY)
+ (awdt +0dp) A (df®Y —sinfdy @ X)
—(adtAdp+ (1 —w® —v®)df Asinfdy) ® Z.

*We could have also chosen the metric —2tr(AB) to make the basis elements orthonormal. However,
the choice we made leads to nicer equations later and seems to be standard in literature. Ultimately
it does not matter though, because changing this metric only amounts to modifying the corresponding
term in the Lagrangian by a constant factor, and we have seen that such constants can always be
rescaled as we please.

44



In order to obtain the Yang-Mills equation (4.2b)), we use (4.5)) to calculate

*F, = <re—7awdp—|— ervdt> A(dd® X +sinfdpRY)

eTw

+ (reTcwdp— dt> AN(dI®Y —sinfdy ® X)

e™ (1 —w? —v?)

+ <T€Tdd0/\sin9dcp— dt/\dp) ®Z

We then easily see that

d*Fw:—;< )dt/\dp/\(d9®X+sin0d<,0®Y)

— cos < awdp—l—dt)/\d@/\dap@Y
e’

d
d— )dt/\dp/\(d@@Y—smGdgo@X)

+c056< Tavd )/\d@/\d(p@X

d
+ a (re_Td) dpANdf Asinfdy ® Z.

On the other hand, an excruciating but straightforward calculation yields

1— 2 _ 2
[wA*F,)=—reTv <e—27a2+ @(;20) dtAdpA(dd @ X +sinfdpY)

+re w<e_27 24 Lo
r

a2
5 v > dtAdpA(dORY —sinfdp @ X)

o
—cos 6

Tavdp — dt> ® X + cosd <re_7aw dp + v dt> Y
r

—i—( (wz; )dt—2reT (w? +v)dp)/\d9/\sin9dcp®Z.
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We therefore finally end up with
dy *x F, =d* F, + [w A x F]

A (e 2
_ (”) +reTv <e2f 2, 1-w o ]dt/\dp/\ (dd® X +sinfdp®Y)
p
[d [eTw - 27 2 1—w? —v?
|5 (55) +rerw 5 )| dtAdpA (@Y —sinfdp ® X)
[ d
+ d— (re_T') — 2re "q(w? + 02)] dp Adf Asinfdy @ Z

267 (1w — i
27000 = ) 4 5 g A sinfdg 0 2,
from which the Yang-Mills system can directly be read off. In particular, we see that
wv — vw = 0, which implies that v is a constant multiple of w, and therefore we can

assume v = 0 without loss of generality by a making constant gauge change (cf. Remark
3.2.6). The remaining Yang-Mills equations are then

Toi 1— 2
50 <erw) +re’w <e‘27a2 + 702w> =0, (4.6a)
a4 (re 7a) — 2re”Taw?® = 0. (4.6b)
dp

The formula for the curvature also simplifies considerably:
F,=—adtNdp®Z+awdt AN (dI®Y —sinfdp ® X)
+adp A (I ® X +sinfdp®@Y) — (1 —w?)df Asinfdy @ Z.
Since X, Y, Z are orthogonal and so are all the different two-forms, the norm is given by
SIELI =09 + aPug™ (¢ + sin? 0g°)
+ ngPP(g% + ¢%% sin? 0)+ (1 — )290099"“" sin? 0

N 1
= 7“72 —e? (CL2 + 2@2102) + ’/“72 (2w2 + (1 - U}2)2) . (47)

Next, to compute (F, ® F,,) we work componentwise, so we note that
Ftp:_ pt:—aZ’ Ft9: —F’gt:a]’u])/7 Ftcp:_ wt:—awsineX,
Foo=—Fp,=wX,  Fyy=—Fy=uwsinbY, Fy,=—Fy=—(1—w?)sinZ.

Then, since the metric is diagonal, we have

1
(Fo ® F) = 56 (Fya, Fyg) da* © da

1
=3 (9tt<Futvth> + " (Fpps Fup) + <Fu97Fu0> + g% (Fup, Fy >> dzt @ dz”.
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Note that all terms are zero if u and v are different, due to the orthogonality of X,Y, Z.
We have

O ¥ 1 L ¥ G
v e 2r2 2r2 2r2sin?g  r? r2
||Fpt||2 HFP9H2 ||Fp<p||2 —27 .2 2u°
(Fo® Folop = =50 a2 T oEgnze - ¢ Tt
1Fwll> | 1Fo,ll? |1 F,l? or 9 o W? (11— w?)?
(Fo ® Fio)oo = - 2e27 227 r2sin2f —e At 2 + oz
We conclude that
I 02,
(F, ® F,) = = (a2 + 2a2w2) dt @ dt + <7‘2 —e 27a2> dp®dp
-9 212
w (1 —w?) _
+ (7"2 + ?“72 —e 27a2w2> gs2. (4‘8)

4.2.3 Reduced equations

We can now finally write down the haunted EYM system (4.2aH4.2c|). Inserting (4.3]
into (4.2a) we thus see that the Einstein field equations are given by

g .
P D e (0% 4 20%0%) — = (20° + (1 — w?)?) =0,
T T
.. 2'2 2.. 1 .
%+%2—T7T—T%Jr?r—e—%(a?—m%?)+T—2(2w2—(1—w2)2) = ¢,
. .. 1 — w?)?
C+E_1+e—27a2+¥:07
r T T

for the tt, pp and S? components, respectively. We may use the first and the third
equation to simplify the second one, and replace it by

&2
?:

Next, we rewrite the Yang-Mills equations (4.6a as

. . .
1—e % (0% = 28%0?) + — (20° — (1 —w?)?) — = (2% + T) : (4.10)
r r r

W+ <7" — T) W +w (rfe *a + (1 —w?)) =0,

.
d—<7"—r>d—2aw2:0.
T

Finally, using (4.4] [4.7), we see that the phantom field equation (4.2c]) reads
; M\
¢ + <T + 7’> ¢ = 07
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which can be solved explicitly in terms of the metric coefficients to get

op) = on+ Ve [ (112)

eT’

for some constants ¢g, Ty € RH We can insert this directly back into (4.10)) to obtain

5 —1— —27(-2_22 2)+i(2-2_(1_ 2)2)_f 2-+f
(rer)? e a a“w 7 (20 w S\ 2

thereby eliminating ¢ from the system. We have thus showed the following.
Theorem 4.2.1. Under the ansdtze

g=—-ePdt@dt + r(p) (dp @ dp+ ge2) ,

w=w(p)(dfd®X +sinfde®Y) + (a(p) dt + cosf dy) ® Z,

¢ = o(p),

for 7,7, a,w € C*(R), the haunted Einstein-Yang-Mills equations (4.2af4.2c) are equiva-
lent to the system

W+ <+ - ’"> w4 w(l —w?) +r2e > Twa® =0, (4.13a)
r
. AW 9
i—|7——)a—2aw” =0, (4.13b)
T
. .2 ﬁ_ —2r (-2 22_i .2 _an2)\2)
TH+T754+ e 7T (&® + 2a°w?) 2(210 + (1 —-w?)?) =0, (4.13c)
r r
. .. 1_ 22
P e UTY) (4.13d)
r r r
1 P P 0
—9or /.2 2 92 ) 2\2 . _ 0
1—e ¥ (a —Qaw)—i-ﬁ(Zw _(1_w))_7’<27+7‘)_(r67)2’ (4.13¢)

\

where dot denotes differentiation with respect to p, and my € R is an arbitrary constant.

Remark. Note that ¢ does not appear explicitly in the equations due to
the general solution formula .

Prima facie, the system is overdetermined since it consists of five
equations for four unknowns. However, if one assumes that the first four equations
hold, then the final equation will automatically be satisfied provided
that it holds at least at one point. We therefore view as a constraint equation
for the initial conditions. This is somehow a more general feature of the spherically
symmetric Einstein field equations [Kun91, §2], but in the present context one can most

easily verify this simply by differentiating (4.13€]).

3The constant ¢g plays essentially no role and will be set to 0 in the future for simplicity, but the
value of 1o will be somewhat relevant later. The factor v/2 appears merely to simplify the appearance of
the future equations.
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4.3 Wormbhole initial conditions

Let us discuss appropriate initial conditions to supplement the equation system
with. Following a wormhole spacetime has two asymptotically ends at
p — Foo, which in particular requires the existence of at least one point at which r is
stationary. Since r must be positive throughout the spacetime, we thus require

0<r(0)=reR and 7(0)=0.

On the other hand, the temporal coefficient 7 is not constrained in any way other than
the requirement that it should be finite throughout the spacetime (in particularly also at
the asymptotically flat ends). We thus set

7(0) =19 €R, and 7(0)=ro€R.

For all wormhole spacetimes considered in this manuscript, we will sacrifice some generality
by making the additional assumption xy = 0, because it makes life easier in a lot of cases,
and we will mainly be concerned with studying symmetric wormholes, for which r and 7
are even functions of p and the condition kg = 0 is necessary.

The constraint equation evaluated at p = 0 reads

2
1—e 27 (b% - 2a%w§) + % (2u(2) —(1- wg)Q) — "0

— 4.14
2 (roem )2 (4.14)

where
(a,a)(0) = (ag,bo) € R? and (w,w)(0) = (wp, up) € R?

must satisfy
1
1—e ™ (b — 2agwd) + o (2uf — (1 —w§)?) >0
0

This shows the necessity of having my # 0 in a wormhole spacetime, as otherwise this
constraint would be only satisfied only for a few very constrained choices of initial values
of the Yang-Mills potentials, none of which describe wormholes (this latter fact is not
meant to be obvious at this point, but we will prove it later). In fact, since 7 is arbitrary,
we may keep 7y free and fix my so as to satisfy .

We note finally that (4.13d]) implies
1— 2\2
#(0) = 1o (1 — e ?0bg — 3 =w)” ;”0) > ,
o
so that the initial point describes

_2\2
o a wormhole throat if =273 + (17«7150) <1, and
0

o a wormhole belly if e=27bZ + (1—7«% > 1.
0

The case of equality requires a closer analysis and will be postponed until later chapters.
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4.4 Classical solutions

Let us derive some classical wormhole solutions within the framework of Einstein-Yang-
Mills theory. For the reader’s convenience, we also summarize these solutions, together
with the classical static spherically symmetric black hole solutions, in Table (at the
end of the chapter).

Assume that w = +1 and a = 0. The equations are then trivially
satisfied and the connection w is ﬂatﬁ i.e. F,, = 0. The remaining equations of the system

(4.13a74.13¢) reduce to

Fei2ye Doy, (4.152)
r
LI ) (4.15b)
roor
T CYSA N (4.15¢)
N T — = . .1oC
r r (reT)?
If we define Kk = 7+ %, we get by summing 1 4.15b)) that
42 —1=0,

which is a separable equation and can be solved to obtain x(p) = tanh(p) (recall that we
are making the simplifying assumption 7(0) = 0, cf. :' If we again define N = T, we

see from (4.15b|) that
N +kN—-1=0,

which is solved by N(p) = (p) = tanh(p). This means that
T =10, 7r(p)=rocosh(p).
We set 19 = 0, so that e” = 1. The constraint then requires my = rg. Thus
d(p) = do + V2 arctan (sinh p) = ¢ + V2 gd(p),

where we recall that gd is the so-called Gudermann function. This solution thus represents
the Ellis-Bronnikov wormhole with metric

g = —dt @ dt + 15 cosh®(p) (dp © dp + ge2) ,

cf.
Now assume that w = 0. Then (4.13b]) reduces to

d—(+—r>a:0,
T

4In fact, the connection is then induced by the Maurer-Cartan connection on SU(2) pulled back to

SU(2)/U(1), cf. equation (3.10).
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implying that
Qe”
r
for some constant ) € R whose absolute value can be interpreted as the electric charge,

cf. (3.13)). The remaining equations of the system (4.13aH4.13€) then reduce to

,

a:

.. 1 2

gz T LA (4.16a)
r r

. .. 1 2

NP (4.16b)

T T T

1+Q* 7 /.. 7 i

1— — (2741 = . 4.16
r2 r ( T r) (reT)? ( ©)

As above, we may define £ = 7+ = which leads to x(p) = tanh(p) (recall again that we
are making the simplifying assumption 7(0) = 0, cf. §4.3) and thus also re” = r9e™ cosh(p).
Defining again N = 7, the remaining equations imply that

1+ Q? 71'8

N=1- 2 — tanh(p)N =

sech?(p) + tanh(p)N — N2

2,279
o€

At p = 0 this reads
g =P (rg — Q* — 1),

so that these solutions only make sense when Q? < r(z) — 1. To solve this, put
o = arctan(sinh p) = gd(p).

Denoting by prime the derivative with respect to o, the equation for r becomes

/1 2
" = 2tan(o)r’ + (1 = \)r, A= V1+Q®

ro
Aiming to eliminate the first-order term, we look for solutions of the form
r(o) = rosec(o) v(o).
The function v then satisfies the initial value problem
v+ X0 =0, v0)=1, (0)=0,
which can easily be solved using elementary methods. We therefore get
r = rosec(o) cos(Ao)
= ro cosh(p) cos(A gd(p)),

and also

cos (LQ’\)

cos(Agd(p))’
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Note that, in the extremal case 713 = 1 + @?* (i.e. A = 1), we have r = 1. On the other
hand, if rZ > 1+ Q? (i.e. 0 < XA < 1), we get

; = tanh(p) — Asech(p) tan (A gd(p)) — 1

as p — oo. The solutions with 73 > 1+ Q? are therefore asymptotically flat and represent
the wormholean analogue of the classical Reissner-Nordstrom family of black holes. Such
solutions have already been obtained in [GGS09], albeit in a different coordinate system
and in somewhat greater generality, in particular without the simplifying assumption
7(0) = 0 (cf. §4.3). The general family of wormhole solutions with w = 0 does not seem
to have a universally known name, so we will simply refer to it as the abelian wormhole
family, since the gauge group of the Yang-Mills theory in this case degenerates to the
abelian group U(1) = S!, since w is u(1)-valued.

4.5 Uniqueness theorem

Our next goal is to show that the wormhole solutions of the system (4.13aH4.13¢|) with
a Z 0 are in some sense trivial. This will allow us to assume that ¢ = 0 without loss of
generality, simplifying the equation system considerably.

Theorem 4.5.1. Assume that (w,a,T,r) is a wormhole (cf. Definition[2.3.3) solution
of the system (4.13aH4.13¢)) such that a # 0. Then w = 0.

Remark. The result implies that the solution belongs to the classical abelian wormhole
family, which we have presented in and Table under the additional assumption
7(0) = 0 for simplicity, although the family can be obtained explicitly even for 7(0) # 0,
cf. [GGS09]. In view of this, we will for the rest of the work assume that a = 0. This can
be viewed as a theorem of “no-hair” type, since it essentially says the wormhole solutions
with non-trivial electric potentials are completely determined by their electric Yang-Mills
charge at infinity.

Proof. The proof technique is due to [BP92, §3], where the theorem is proven in the
context of particle-like and black hole solutions. The argument is essentially the same but
our proof requires some minor modifications owing to the introduction of the phantom
field and because we do not necessarily have a(0) = 0, cf. [BP92, Lemma 2].

Since a wormhole solution is asympotically flat with two ends and the system
is autonomous, we can assume without loss of generality that 7(0) = 0. We recall
that asymptotic flatness requires that the temporal metric coefficient 7 and the mass
both have finite limits as p — £o0, cf. Definition Observe that the mass

satisfies
.7 - 2 2F
m = — B
2 r2 r

= 55 [ (@2 + 20%0%) 4+ 20% + (1 — w?)? — me ],

52



where the last line follows by using (4.13€) to eliminate the 7-term from (4.13d). If we
integrate this identity, we get

/OO T [2 727(-2_’_2 2 2)+2-2+(1 2)2] T0+7T(2) <y (4.17)
— [r%e a a*w W —w =My — — + —2 — (4.
o 2r2 2 2y rZe?r

The last integral converges because 7 — 7o, < 0o by asymptotic flatness, so that if p is
chosen large enough that r is positive for p > p, we get

/°° T < /°° dr c
——<ec —_ = —.
5 r2e2r = i 2 r(p)

Thus the right-hand side of 14.17: is finite since My is finite by assumption. Since all
terms on the left-hand side of (4.17)) are non-negative, their separate integrals must
therefore all be finite. In particular, since = — 1 by asymptotic flatness, we get

00 00 e8] w2
/ ra® < oo, / ra*w? < oo, / — < 0. (4.18)
0 0 o T

Now assume a Z 0. We will show that w = 0, which will give the result. Aiming to reach
a contradiction, we assume that w # 0.

Note that the system (4.13aH4.13¢) is invariant under p — —p and a — —a. We
can thus assume without loss of generality that a(0) > 0 and a(0) > 0 by reflecting as

necessary. Equation (4.13b|) gives
p
(re""a)(p) = (re""a)(0) + 2/ re” T aw?,
0

implying that a is monotone for p > 0 (note that if a(0) = a(0) = 0, then trivially a = 0,
whereas in the other cases a > 0 for sufficiently small p > 0 and @ must stay positive by
the formula above). On the other hand, Cauchy-Schwarz gives

p |2 P, (P
0 0 o "

The final integral is finite since % — 1 by asymptotic flatness, and the first integral is
finite by (4.18). This implies that a is bounded, and, being monotone, it must tend to
finite positive limit as. Now using Cauchy-Schwarz again, we get

2 .
L P 5 P aiy?
ww| < rw —_—.

p p p T

The right-hand side tends to zero for p, p — oo by (4.18]) since a stays away from zero at
infinity. A simple Cauchy criterion argumentﬂ then implies that w tends to some limit as
p — 00, and since rw? is integrable, this limit can only be 0.

la(p) - a(0)? =

For any unbounded increasing sequence p,, we have |w(pn)? — w(pm)?| — 0 as n,m — oo, so that
the sequence w(p,)? is Cauchy. Since R is complete, the sequence must converge, i.e. w(p,)?> — L € R as
n — oo. Here, L is independent of the chosen sequence, since if two sequences yielded different limits, we
could arrange them into a new sequence and contradict the fact that our sequence is Cauchy. Then if we
take sequences a, and b, such that w(a,)? — limsupw? and w(b,)? — liminf w? respectively, we see
that limsup w? = lim inf w? and hence limw = L.
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Now write (4.13a]) as a first order system

w=rve ', U=-—rwe ',

2T 1— 2
V:T—log(e(gw)—i-a2>.
r

Note that this is well-defined for p > p if p is sufficiently large, because w — 0 at infinity
so the quantity in the parentheses is positive. Moreover, v — —2logas, at infinity.
Therefore,

where we define

27,2 %)
o e 0T 9 oy
ru° = and — =rw“e
T T

both have finite integrals near infinity by , so by an analogous argument as above
we see that v — 0 at infinity.
Consider now (for p > p)
H=eTw? + e 02

Then H — 0 as p — co. Furthermore, we see that

H e yw? + e Tiv?

THT ewlteme2 | * +7(1 - ),
where
e Yw?
= , <zx<l1
e~ Yw? + e~ Tv?

It follows that )

H

g < max(%, 7). (4.19)

Now observe that

d 2T 1— 2
r(§ —7) :—Td—log <6(2w)+a2>

2T 1— 2 :
= 2777 [e(w) (7" — r) —e"wv + rad] .
T

r

The first term in the parentheses tends to zero by (4.13e: , and the second term trivially
also tends to zero because w,v — 0. If we multiply (4.13b|) by a and integrate by parts,
we obtain

(raa)(p) = (raa)(0) + /Op re”7 (&® + 2a°w?).

But the integral on the right-hand side converges for p — oo by , so rad tends
to some positive limit by the monotone convergence theorem (recall also that we have
ensured that (aa)(0) > 0). It follows that r(¥ — 7) converges to some negative limit,
and hence ¥ < 7 for sufficiently large p. In particular we obtain from that
H > H(p)e™ =7 for all sufficiently large p and p > 5, which contradicts the fact that
H — 0 unless H = 0. Hence, we must have w = 0, completing the proof. O
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Chapter 5

Existence of haunted
Einstein-Yang-Mills wormholes

In this chapter, we prove the existence of infinite sequences of wormholes in the haunted
SU(2) Einstein-Yang-Mills theory. We recall that the static spherically symmetric
haunted SU(2) EYM equations are given by (cf. Theorem [4.2.1))

( .
W+ <7"—r>w+w(1—w2) =0, (5.1a)
T
..ot 202 (1—w?)?
R _ =0, 5.1b
T r r2 r2 ( )
. .. 1 _ 2 2
fJrT—T—H¥:0, (5.1¢)
T T T
20 (1—w?)? 7 P i
1 _ - 2' — — 0 5.1d
+ r2 r2 r T r (rem)?’ ( )

where 7y € R is a free parameter. Here, we have made the additional assumption that
the electric potential a vanishes identically, as we do not lose generality in doing so in
view of Theorem

We recall from Definition that the metric coefficients (7,7) will describe a
wormhole spacetime provided that they satisfy the asymptotic flatness conditions

. . + . +
ST =00 e =me Mp =T 52

where mE and 7% are finite, and m denotes the mass function (2.5). Such a wormhole
spacetime is said to be symmetric if 7 and r are even.

We recall also the definitions of the Yang-Mills charges

Q* = lim re7|a, P*= lim [1-—w?,
p—too p—too
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cf. (3.13). Since we are assuming a = 0, the electric charges Q% are trivially zero. We
will search for solutions such that the magnetic charges P* are also zero, i.e.

lim |w|=1. (5.3)

p—rFoo

Solutions (7, r,w) of the system ([5.1ajH5.1d)) satisfying (5.2] will be referred to as

haunted hairy SU(2) wormholesﬂ Our main goal is then to show the following.

Theorem 5.0.1 (Symmetric existence theorem). For each ro > 0, there exists a sequence
{(T(n)7r(n)7w(n))}n20

of symmetric haunted hairy SU(2) wormholes with ™ (0) = rq. The Yang-Mills po-
tential w™ has n zeros and is symmetric, i.e. even or odd, with the same parity as n.
Furthermore:

o For rg > 1, the wormholes have only a single trapping horizon at p = 0, describing
a non-degenerate throat.

o Forro <1 and even (resp. odd) n, the wormholes have a non-degenerate throat
(resp. belly) at p = 0.
5.1 Initial boundary value problem

Following the notation in [BFM94, §6], we now rewrite (5.1aH5.1d)) as a first order system
by substituting?]

N=", v=" k=++N, (=22
T T re’
so that the system transforms to
(7 =rN, (5.4a)
] _an2)2
No1-U - N, (5.4b)
r
w=rU, (5.4¢)
. 1 — w?

U= —(H—N)U—w(rw), (5.4d)
fo=1+2U% — K2, (5.4e)
{ = —kC, (5.4f)

Strictly speaking, only the solutions for which w is not identically equal to £1 should be called hairy,
but we will allow ourselves to also call these trivial cases hairy for simplicity.

2The authors of the cited paper actually derive the Einstein-Yang-Mills equations (with no phantom
field) with respect to the Schwarzschildean coordinate r, and then make a change to the p-coodinates in
order to desingularize the system. Of course, this results in the same equations we have presented here,
but with ¢ = 0. Other than the fact that it was more convenient for us to work with the p-coordinates
from the start, our presentation also somewhat demystifies their definition of the dependent variable k.
Indeed, it is defined directly in terms of the derivatives of the metric coefficients, and appears naturally
in the constraint arising from the field equations.
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together with the constraint (5.1d))

1— 2\2
(?=14 N?42U% - (r;”) — 2kN. (5.5)
Using this constraint, we can also rewrite (5.4b]) as
N = (k— N)N —2U? + ¢* (5.6)
1 1—w?)?
—2<1—N2—2U2—(T;U)+§2>. (5.7)

The system ([5.4aH5.41)) is regular as long as r > 0. Hence, for any choice of initial
conditions with 7(0) > 0, there exists a unique local (real) analytic solution to the
problem. In view of the analysis in we choose the initial conditions

r(0) =19, w(0)=wpy, ~(0)=0, (5.8)
N(0)=0, U(0)="U, ¢(0)=+Ey,
where . oo
Bo=14203 - L0 ré”()) ,
and the parameters (rg, wo, Uy) belong to the set of admissible initial data
Ty = {(ro,wo,Uo) e R3 ) ro > 0, |wo| <1, By > o}, (5.9)

Here, we recall that the assumption x(0) = 0 is made for simplicity, but in fact x could
more generally take any value at 0. The assumption |wg| < 1 is also made for simplicity,
since solutions exiting |w| < 1 will turn out to be ill-behaved. We recall also that the
initial condition for ¢ comes from the constraint (5.5). Since we will eventually want
to transform back to the original variables (7,7, w), we finally wish to recall here that
the initial value of the temporal metric coefficient 7 is kept free and instead we fix the
phantom charge

T — ’r'oe’TO Eo, (5.10)

in order to remain compatible with { = m/(re”).

Since the system is analytic for » > 0, the solutions depend analytically on
the initial conditions. As our particular choice of initial conditions depends continuously]
on the initial data (rg, wo,Up) € H, we see that the solutions of the initial value problem
also depend continuously on (rg, wp, Up).

3We cannot get more than continuity with respect to the parameters (70, wo, Uo) for this particular
setup (at least not on the whole %), due to the square root in the initial condition for . This can
be remedied by replacing ¢ by the dependent variable = ¢2, which does not change the regularity of
the equations, and at the same time does not necessitate any non-analytic relations between the initial
parameters. However, continuity will be entirely sufficient for our purposes, so we prefer to keep { as the
variable as it results in somewhat cleaner statements later, and also emphasizes the non-negativity of ¢2,
which is a consequence of the nature of the phantom term.
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Remark 5.1.1. Note that the equations ([5.4aH5.4f)) possess the symmetries
(’LU,U) = _(waU) and (p7N7 U)H) = _(paNa Ua H)'

Thus, the general solution to the initial value problem with initial data (rg, wo, Uy) € H
satisfies the identities

(r, N, w, U, &, ) p, ro, wo, Up)
=(r, N,—w,-U, &, {)( p, r0,—wo,—Uh)
=(r,—N, w,-U,—k, ()(—p, 710, wo,—Uh)
=(r,—N,—w, U,—k, ()(—p, r0,—wo, Up).

Solutions with either wy = 0 or Uy = 0 are therefore symmetric, since in that case r, (
are even functions, while N, x are odd. Moreover:

o If Uy = 0, then w is even, so these are often referred to as even solutions.

o If wg = 0, then w is odd, so these are often called odd solutions.
In particular, we see here that wyg = Uy = 0 implies w = U = 0.

With these symmetries in mind, we see that it suffices to study the solutions for p > 0.
In particular, to prove Theorem [5.0.1] we wish to show the existence of initial data of
the form (rg, wp,0) and (rg, 0, Up), for which the solution is defined for all p > 0 and the
dependent variables have the following limits as p — oc:

r — 00, r(l—NQ)—>B, r¢ = a, |wl—1,

where
O<a=me ™ <o and 0<f=2my < 0.

We will for the most of the chapter actually work with general initial data (rg, wg, Uy) € H,
and then specialize to the cases wg = 0 and Uy = 0 in

Before proceeding with the proof, we would like to present the results of our numerical
investigation, analogous to the one performed in [Hau+14], albeit in a different coordinate
system. In Table we display the initial data describing symmetric hairy wormhole
solutions with n-zeros of w. The corresponding plots of the dependent variables are given
in Figure and Figure (at the end of the chapter).

5.2 Outline of the proof

The blueprint for the proof of Theorem is heavily inspired by the aforementioned
paper [BEM94], but we also use some techniques given in [Smo+91; SW93; SWY93; BP92;
Mai05]. In most of these papers, the authors studied the Einstein-Yang-Mills system
without a phantom field, which amounts to setting ( = 0 in our equations ,
(5.5). The observant reader may have noticed that the equation for the phantom
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n wo Uy

0 1 0

1 0 2.82926051095
2 0.754658133388 0

3 0 2.049370662163
4 0.65449167421 O

5 0 1.879026239527
6 0.630231347337 0

7 0 1.8491787362

8 0.625889847857 0

9 0 1.844262704371

Table 5.1: Initial data describing symmetric wormholes for r¢o = 0.75.

term ( is actually decoupledlﬂ from the rest of the system , which might lead
one to believe that the analysis of these equations is the same as in the aforementioned
papers. But this is misleading, since ( still appears in the constraint , and one uses
this constraint repeatedly throughout the analysis - e.g. we will often use the alternate
forms of the equation for N. In particular, one of the main difficulties here is
that the function r (and in particular also the mass m) loses a monotonicity propertyﬂ
and could even oscillate, which makes the behaviour of the solutions somewhat analogous
to those of the apparently simpler Yang-Mills-dilaton system [Mai05].

The proof is based on a shooting method, in the sense that we consider infima over
suitably chosen subsets of the set of initial data %, with the expectation that these
infima correspond to initial data describing the desired global solutions. We have already
shortly described the idea in but let us again mention some details about the three
main ingredients of the proof:

o Classification theorem (§5.3)): It turns out that the initial value problem admits
three possible types of solutions, classified according to the behaviour of N. In fact,
N plays a more important role than the other dependent variables, since it will
turn out the solution can only stop existing if N — —o0, and even in that case the
remaining dependent variables stay bounded. Of particular importance will be the
dichotomy between the regions N 4+ ¢ < 0 and N 4 ¢ > 0, which also demonstrates
that the phantom field ( affects the solutions in a non-trivial way. Indeed, any
orbit entering the former region will turn out to be singular, whereas the orbits
staying in the latter region will be well-defined for all p > 0. The strip |w| < 1 will
also play a major role, and any orbit exiting it will also turn out to be singular.
These facts will allow us to work in the region {N + ¢ > 0, |w| < 1}, in which the

“We have also already seen this in

SWhen ¢ = 0, then implies that IV is non-positive whenever N = 0, and in particular the region
N < 0 then turns out to be invariant, so that once r starts decreasing, it keeps decreasing (see |[BFM94]
for more details).
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solutions are generally well-behaved. We will then study the asymptotic behaviour
of the dependent variables, depending on the behaviour of N (in particular the
number of its zeros and its sign near infinity), and show that only a handful of
cases can occur. One of the biggest difficulties will be the fact that, prima facie, we
do not know whether the dependent variables even have limits at infinity, so that
various techniques will be applied to extract these limits (note also Remark
below). An important tool for this will be a simple result called Barbalat’s lemma,
which does not seem to be all too well-known, so we provide its statement.

Lemma 5.2.1 (Barbalat’s lemma [FW16]). Suppose that f : [0,00) — R is a
uniformly continuous function such that

y
lim f(z)dz ezists and is finite.

Then f(z) — 0 as z — oo.

We recall that a simple sufficient condition for the uniform continuity of f is that
its derivative is bounded (provided that f is differentiable).

q

Neighbourhood theorem (§5.4]): For each solution type, we will study the solutions
with nearby initial data. Such a result will provide us with a mechanism of
controlling which solution types the aforementioned infima can describe. The proof
is mainly based on the fact that the solutions depend continuously on the initial
data, but certain cases require a closer analysis (again, note also Remark
below).

q

Energy theorem (§5.5): We study solutions with small resp. large initial energy Ej.
This will provide us with an upper and lower bound for the shooting method. The
small case Ey = 0 will follow by a simple analysis of the initial conditions. The
case when Ejy is large will, however, be much more involved. In fact, this case has
not been studied in the aforementioned citations, so the proof given here involves
completely new techniques developed specifically for the problem corresponding to
wormbhole initial conditions.

With these three results in hand, the result will follow by a simple shooting method

argument, the details of which we leave for §5.6]

Remark 5.2.2. We would like to point out a potential gap in some of the the proofs
given in [BFM94] for the analogues of the above mentioned theorems. Therein, the
authors study the asymptotic behaviour of the dependent variables using some heavy
machinery of dynamical systems, namely the theory of structurally stable vector fields
[AA88, §1.3] (particularly in their analogues of the classification and the neighbourhood
theorem). This is done by viewing the Yang-Mills equation

W+ (k= 2N)b 4+ w(l —w?) =0
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as a perturbation of the Yang-Mills equation in the flat limit (x — 1, N — 1) and the
cylindrical limit (k — 1, N — 0) i.e.,

W=+ 1+ w(l —w?) = 0.

The latter equations are the so-called Duffing type equations |Duf18], which can be studied
using the elementary theory of planar autonomous ODE systems. While this certainly
provides a good heuristic overview of how the solutions should behave, the author of the
present manuscript does not understand how one can mathematically apply the theory
of structural stability in this context. Aside from some technical difficulties such as the
fact that the vector field corresponding to the equation is tangential to (at least some
points of) the boundary of any compact set containing the equilibria (whereas the theory
assumes transversality at the boundary), the entire theory of structural stability only
applies to autonomous perturbations of autonomous planar dynamical systems. On the
other hand, the idea here is to consider (k —2N +1)w as a small (for large p) perturbation
of the flat Yang-Mills equation, with k and N being interpreted as fixed externally given
functions. But such a perturbation is clearly non-autonomous, so that the theory of
structural stability cannot be applied directly. The author was also unable to find other
references containing results that could be applied in this context. In view of this, the
proofs given in the present work take on the more raw analytical approach as hinted
above, which arguably also simplifies the proof(s). We would like to point out that the
methods used in this work can also be applied in the context of the above mentioned
particle-like and black hole settings, if this is indeed deemed necessary.

5.3 Classification theorem

The goal of this section is to show the following result, which can be viewed as an
analogue of [BFM94, Theorem 16].

Theorem 5.3.1 (Classification theorem). Any solution of the initial value problem

(5.4al with respect to fived initial data in Fy belongs to one of the following

classes:

(i) Singular: There exists a finite point poo > 0 such that
r—0, N—=—-00 as p— peo,
and the remaining dependent variables remain bounded as p — poc-

(ii) Asymptotically cylindrical: The solution is defined for all p > 0, stays in the region
|lw| <1, and the dependent variables have the following limits at infinity:

r—1, N—=0 (—0, k—1

Furthermore, either
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or=1andw=0, or
o rg<l, (w,U)— (0,0) as p — o0, and w has infinitely many zeros.

(iii) Asymptotically flat: The solution is defined for all p > 0, stays in the region |w| < 1,
and the dependent variables have the following limits at infinity:

r—oo, r1-—N?*) =8, r(—=a ~K—1,
where 0 < a < 00 and 0 < B < oo. Furthermore, either

org>1andw=0, or
o (w,rU) = (£1,0) as p — 0.

Remark. Note that r{ = mpe™ 7, so that 7 has a finite limit at infinity in case (iii) provided
that mo # 0. By the constraint (5.5)), this limit can be calculated as

1 1 . 2 2
Tm:_ﬁlog ﬂ——%pli)ngoT (1—2/€N+N) )

but does not seem to admit a closed form in terms of the initial conditions.

Remark 5.3.2. We have already obtained some trivial solutions to the general equations
in Here we provide a short review of the trivial solutions relevant for the classification,
in order to keep the proof of Theorem self-contained. Note that for wg € {—1,0,1}
and Uy = 0, we have that w is identically constant w = wgy and hence also U = 0. In this
case we can explicitly solve

A(p) = tanh(p),  C(p) = v/Eosech(p).

The remaining non-trivial equation is the Riccati type equation

wg

) 1— 2
N = Eysech?(p) + tanh(p)N — N? =1 — (7“2) — tanh(p)N.

If (wo, Up) = (£1,0), then w = £1 and we can also get the explicit solutions
r(p) = rocosh(p), N(p) = tanh(p),

for any rg > 0. This solution describes the Ellis-Bronnikov wormhole, cf. For
solutions with wyg = Uy = 0, we have w = 0, and Ey > 0 in this case implies rg > 1.
These solutions are given by (cf. Table

1
r(p) = 1o cosh(p) cos < arctan(sinh p)) .

0
There are two separate cases:

o If ro =1, then r = 1 and thus N = 0. This solution is asymptotically cylindrical.
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o If rop > 1, then the solutions are asymptotically flat. They represent the abelian
wormhole family, cf. Table

We can now begin the proof of Theorem [5.3.1] To simplify the statements of certain
results, we say that a region U C RS in the phase space is (forward) invariant if it has the
following property: if there is a point pg > 0 such that the solution enters U at p = po,
then it stays in U for all p > pg, i.e.

For a trivial example, we see from (5.4f) that the region ¢ > 0 is invariant.
Throughout the rest of the manuscript, we will make extensive use of certain energy
functions related to the equations. In view of this, they deserve a proper definition.

Definition 5.3.3. The energy of the system ([5.4cH5.4]) is defined as the function

(1 —w?)?

E=1+2U%- — =2xN — N2 + (2, (5.11)

where the second equality follows from the constraint (5.5). The autonomous energy is
defined as
F=2u0*—(1—-w?)?=r%E-1). (5.12)

We first derive some basic inequalities.

Lemma 5.3.4. Consider a solution of the initial value problem (5.4a) with
respect to fixed initial data in Fy. For all p > 0 for which the solution is defined, we have

k > tanh(p) > N, 0 < ¢ </ Epsech(p), k+ N <2+ +/Egsech(p).

Remark. The first set of inequalities implies that the temporal metric coefficient 7 is
non-decreasing, since kK — N = 7. This can also be derived directly from . Looking
at the last two inequalities, one might hope that the stronger inequality kK + N < 2+ (
holds, but this is in fact not true. Indeed, our numerical results show that this inequality
is violated when the initial energy Ej is large.

Proof. To prove the first inequality, let £ = i—’; and calculate
§=-2-U(1+¢)° < -2

Thus e2°¢(p) does not increase, and £(0) = 1 therefore implies £(p) < e~2F, which can be

rearranged to get
_ o 2p

K> m = tanh(p)

The inequalities for ¢ then follows easily because ([5.41) implies
P P
¢ =¢(0)exp <—/ /@) </ Eyexp <—/ tanh(p)) =/ Eysech(p).
0 0
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Next, if v = N — tanh(p), then

1— 2\2
U= (T;U) — kN + tanh?(p)
< —kv — [k — tanh(p)] tanh(p) < —kv,

so that v decreases in the region v > 0, and v(0) = 0 thus implies ¥ < 0. Finally, we set

n=#k+ N —2—+/Eysech(p)

and calculate

n=1+¢— i(n%— N)? — Z(/ﬁ: — N)% + \/Eg tanh(p) sech(p),

cf. [BFM94, Lemma 10]. In the region n > 0, we have

k+ N > 2+ +/Eysech(p),
k— N >2—2N + +/Eysech(p) > +/ Egsech(p),

where we use the fact that N < tanh(p) < 1. Hence, we get

i < —/Egsech(p)[1 — tanh(p)] < 0,

so that 7 decreases in the region 1 > 0, which yields the desired inequality since
n(0) < 0. O

Lemma 5.3.5. Consider a solution of the initial value problem (5.4af5.41] with
respect to fized initial data in Sy. If the solution is defined for all p > 0, then

liminfxk >1 and (— 0.

pP—00
Furthermore, if U — 0, then k — 1.

Proof. The first part of the statement follows trivially from the inequalities in Lemma
5.3.4* For the last claim, let € > 0, define a, = v/1+¢ and & = Z;Z A simple
calculation yields

Ss = —2a.& — (U2 - 5)(1 + 65)2-
If U — 0, then U? < ¢ and hence éa > —2a:&; for large p, which implies that limsup x < a.
for all € > 0 and letting € — 0 shows that limsup x < 1, giving kK — 1. O

Next, we show that all the dependent variables behave well as long as N is bounded.

Lemma 5.3.6. Consider a solution of the initial value problem with
respect to fized initial data in . Suppose that the solution is defined (at least) for
0 < p < p, and that N remains bounded as p — p. Then all the dependent variables
remain bounded as p — p and the solution can be continued across p.
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Proof. Since N is bounded, it follows that r is also bounded by (5.4a)). From Lemma
we directly see that ¢ is bounded, and also

0<k<2++/Ey—N,

so k is bounded as well. So it remains only to study w and U. For this we will use the
energies from Definition Note that the energy E = 2xN — N? + (? is bounded
and hence the autonomous energy F' is bounded as well. In particular, we see that w is
bounded if and only if U is bounded, so it suffices to show that w is bounded at p.

Aiming to reach a contradiction, assume that w is unbounded at p. We first note
that, since w is unbounded, it must enter the region |w| > 1 for some 0 < py < p. In view
of the symmetry (w,U) — —(w,U) (cf. Remark [5.1.1]), we can without loss of generality
assume that w > 1. In this region, w is monotone since

W= —(k —2N) —w(l —w?) > —(k — 2N,

S0 W|y=0 > 0, and hence w > 0 for w > 1. Thus |w| — oo, and hence by the Cauchy-

Schwarz inequality
W > ——— w
p—0 Vp—p+0 p—0

L o) =5,
N/ ETET)
as p — p, which implies that w is not square integrable near p. We will reach the desired
contradiction by showing that w is, in fact, square integrable near p.
Note that N — —oo by since k, N, r are bounded and |w| — oo. It follows that
N decreases for p — 0 < p < p if 6 > 0 is sufficiently small, and in particular the limit

lim N =N
p—p

exists. We now consider two cases separately:

(i) If N < 3 tanh(p), then we can choose § > 0 so small that 2N — tanh(p) < —c for
p— 0 < p < p and some positive constant ¢. By Lemma m (i), we then have

k—2N >tanh(p) —2N >c¢ for p—3d<p<p,
and so ‘
F = —4(k — 2N)u? < —4eir?,
which implies that w is square integrable over p — § < p < p since F' is bounded.

(ii) If N > 5 tanh(p) > 0, then we can choose § > 0 so small that N > 1 tanh(p) =: ¢
for p— 0 < p < p. If we define b = r?(1 — N?) = 2rm, then b is bounded since r
and N are, and we have

(1 — w?)?

b:2ﬁN( Ny +4K—AUN>22d1—w%2:2dwﬂ—ﬁjz4wﬂ—é

r
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for some constant ¢ > 0, since kK — N > 0 by Lemma [5.3.4)and F' is bounded. This
implies that w is square integrable over p — § < p < p.

Thus, w is square integrable near p in both cases, which gives the desired contradiction. [

On the other hand, the following result characterizes singular orbits.

Lemma 5.3.7. Consider a solution of the initial value problem (5.4a\H5.41] with
respect to fized initial data in .

(i) The region {|w| > 1, ww > 0} is invariant and any solution that enters it also
enters the region N + ¢ < 0.

(ii) The region N + ¢ < 0 is invariant and any solution that enters it is singular, cf.
Theorem [5.5.1] (i).

Remark. Note that, contrarily, a solution that enters the region N 4+ ¢ < 0 does not
necessarily also enter {|w| > 1, ww > 0}.

Proof. Suppose that the orbit enters the region {|w| > 1, ww > 0}. In view of the
symmetry (w,U) — —(w,U) (cf. Remark|[5.1.1]), we can assume without loss of generality
that there is a point pg > 0 with w(pg) > 1 and w(pg) > 0. Note that for w > 1,

W= —(k —2N)w —w(l —w?) > —(k — 2N),

S0 W|w=p > 0, which shows that w must keep increasing and hence the region {w >
1,7 > 0} is invariant, so (w,w) remains there for all p > pg. Next, we want to show that
the orbit enters N 4 ¢ < 0, so we study the orbit while it resides in the region N + ¢ > 0.
This implies that 1 > tanh(p) > N > —( > —/Eysech(p) by Lemma [5.3.4. Note that
the orbit exists as long as it stays in this region in view of Lemma By Lemma

.34 we have
k <24 +/Egsech(p) — N < 2+ 24/ Ejsech(p).

Put T' = (w? — 1)/r > 0 and calculate (cf. [BFM94, Proposition 11])

202 + 717
TU &
>2V/2 — &

>2[V2 -1 /Eosech(p)]

(;iplog|TU]:w

where we use the fact that
(V2U+T)2>0 = 2V2|TU| <20 +T2

Thus, |TU| increases strictly and uniformly for sufficiently large p, so the solution
eventually reaches (and stays in) the region |TU| > 1/+/2, implying also that 2U%+T2 > 2.
In this region, (5.7)) gives

1 1
N = (1= N =20” =T° 4 ¢*) < {1 — Egsech®(p)],
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so N uniformly decreases for large p, and thus it eventually reaches the region N +({ < 0
(recall from Lemma that ¢ approaches zero), proving (i).
Now to prove (ii), put £ = N + ¢ and calculate

€ =—E 4 (k+20)¢ — 25¢ — 2U2.

Since k,( > 0, we see that £ decreases in the region & < 0 and consequently this region is
preserved once reached. In particular, if the orbit enters it, we have f < —&€2, implying
that & — —oo at some finite point p = poo, which in turn implies that N — —oco as ( is
bounded (note that none of the other variables can explode before N — —oo in view of

Lemma [5.3.6]).

Finally, we show that the other dependent variables remain bounded near the singular
point poo. This will also imply that » — 0 at p e.g. by . To this end, we adapt
the techniques from [BFM94|, Proposition 13].

Since w is trivially bounded if it remains in the strip |w| < 1 for all p < pso, We
consider only the case when w enters the invariant region {|w| > 1, ww > 0}, and, as
above, we assume without loss of generality that w > 1, w > 0. Put n = —r(N+() = —r¢.
For sufficiently small §, we have N + ¢ < 0 and thus n > 0 for poo —§ < p < pso. We will

show that wn™¢ is bounded near p, for 0 < e < % This will imply that w is bounded
because the constraint (5.5)) gives

n° =r}(N? = (%) —2r(
< —r2(1420? — 26N) + (1 — w?)?

< (1 - w2)2a
so that wn™® > w|l — w?|~¢. A simple calculation yields
7 =2rU% 4+ n¢ 4+ re(( — N) >0,

so that 7 increases and in particular stays away from zero near po,. We have

wr <) — (o~ ) = [ )
-

P S 14 e
:/ wn _/ wn "N
Poc—6 Poo—0
p
< / W,
Poo—0

where the last inequality follows since w > 1 and 7 > 0. Now by the Cauchy-Schwarz

inequality, we get
p 2 2 2
</ TUT]€> S/ ’I”U27]1€/ Tnlfe’
Poo—0 Poo—0 Poo—0
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so it suffices to show that the two integrals on the right-hand side are finite as p — po-
For the first integral, we can estimate (because 7 increases)

/poo d h
o)

Poo
= 5/ (27U + ¢y +re(¢ — N)p~'7°9),
Poo—0

2‘77(poo - 6)’78

v

and since all the integrands on the right hand side are non-negative, their separate
integrals must all be finite, in particular the one involving U. For the second integral, we
write

ri=¢ d 1d

_ - E ::__175 - - e e
n=-— dpr r¢ r (gdpr +r C),

so that the integral of 1 near p is finite, and Holder’s inequality implies

Poo Poo 1\ € Poo 1—¢
/ ' F < (/ re) </ n) :
Poo—0 Poo—0 Poo—0

and the latter is finite since r > 0 is decreasing. Thus, w is bounded near ps, as desired.
Now we calculate
d w(l — w?)

d—p(rsU) =—(k—(14+¢)N)r°U —

rlfs

Setting
P
= [ -,
Poo—0
we see that £ increases and & > 0, so that

et lw(l — w?)|
Tl—s

p
U (p)| < e €P)re|U(poo — 8)| 4 ¢ /
Poc—0

1—¢°

p
Sra\U(poo—é)HC/

Poo—0 r

But since r decreases and 7 increases, we have (for ¢ < 1)
P 1 | 1d
[ (et
poc=t T poa— 1 edp
<1 (/p ot r(poo = 0)° T(p)5> 7
M(Poo = 0) \Jpeo—s € €

and we see that this integral is finite as p — poo. It follows also that r¢|U| is bounded

near poo. Thus,
Poo Poo Poo
Poo—0 Poo—0 Poo—0
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and the latter integral is finite if ¢ < 1/n, by the same argument as above. Hence, |U|"
is integrable near po, for any n > 0, and it follows from (5.4€) that x is bounded near
Poo- It only remains to show that U is bounded. If we define

92
T N Chll)

r

)

we see that U = —xU + V, so the boundedness of U will follow if we can show that V' is
bounded. We calculate

V= (Bw?—1-20%+ U

so that the boundedness of V' follows from the boundedness of w and (, combined with
the integrability of |U|™. This completes the proof. O

In view of Lemma we may assume for the rest of the proof of Theorem [5.3.1
that the solution remains in the regions N 4+ ¢ > 0 and |w| < 1.

Lemma 5.3.8. Consider a solution of the initial value problem with
respect to fized initial data in Fy. Assume the solution satisfies N +¢ > 0 and |w| <1
for all p > 0 for which it exists. Then the solution is well-defined for all p > 0, and
furthermore:

(i) the integral fooo N exists and has finite negative part,
(ii) 7 has a non-zero limit at infinity, which is finite if and only if N — 0,

(iii) all other dependent variables remain bounded as p — oo.

Remark. We would also like to point out that, a priori, NV could oscillate, i.e. the integral
could be of the form oo — oo, so the existence in (i) is a non-trivial matter. In part (iii),
we make no claims about the existence of limits at infinity - this will be studied in the
subsequent lemmata.

Proof. By the bounds in Lemma we see that | V| stays bounded as long as N+( > 0,
and therefore the solution is well-defined for all p > 0 by Lemma [5.3.6
By the monotone convergence theorenﬁ and Lemma we have

lim/ / g<\/ET)/ sech(p ”r

p—00

5Strictly speaking, we should first apply the theorem to conclude that for any increasing sequence
pn — 00, we have (denoting by x4 the characteristic function of a set A)

Pn S oo
lim ¢ = lim / X(0,0n) ¢ = / ¢,

which also implies the existence of the limit with respect to the continuous variable p.
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On the other hand, since N + ¢ > 0 by assumption, we also see by the monotone
convergence theorem that

lim p(N+<) —/OOO(N+<)

p—0 J

where the integral on the right-hand side could be infinite. Thus,

lim [*N = tim [/09<N+c>—/0p<} - [wveo-[Te= [T,

where we may take the limit on each term separately since they both have definite sign,
and the negative part, i.e. the integral of (, has finite limit. Note that this also implies
that the negative part of the integral of N is finite and in particular the (Lebesgue)
integral of N over [0, 00) exist (but could be infinite).

Now equation (|5.4a]) implies

p )
r(p) =ro exp/ N =7 exp/ N,
0 0

so that r has a limit at infinity, which is non-zero because the integral of N cannot be
negatively infinite. For the second claim in (ii), note that if N — 0, then the constraint

(5.5) shows that

. (1—w2)2 . 2 2 2
hmmfizhmmf(l—QmN—&—N +2U —C)

p—00 72 p—00

> 1+ liminf 2U% + lim (—2sN 4+ N? — ¢?)
pP—00 pP—00

=1+ liminf20? > 1,

p—00
since also ¢ — 0 and & is bounded due to the inequality x + N < 2 + /Ey. This implies
that r cannot be unbounded (note that |w| < 1 for N + ¢ > 0 by Lemma and
hence has a finite limit by the preceding part of the lemma. On the other hand, if r has
a finite limit, then so does log % = Op N, and since N is bounded by , it follows
that N — 0 by Barbalat’s lemma (Lemma [5.2.1)).

For (iii), we first note that that x < 2 + +/Ey — N is bounded since —¢ < N < 1,
where the first inequality follows by assumption and the second inequality follows from
Lemma It follows that the energy is bounded. Furthermore, |w| < 1 because
the assumption NV 4+ ¢ > 0 implies that w cannot exit this region, cf. Lemma (1).
Since r stays away from zero at infinity by the already proven part of the lemma, we see
that (1-w?)? is bounded, and thus so is 2U? = (1_74# -1+ F. O

r2

Now we wish to consider three cases separately:

(i) N has infinitely many zeros,
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(ii) N has finitely many zeros and N < 0 after the last zero,
(iii) NV has finitely many zeros and N > 0 after the last zero.

Before dealing with each of these cases, we would like to prove some preparatory results.
First, we provide a lemma which would thematically be a better fit for the next section,
but we will use it in this section as well, so we state and prove it somewhat ahead of
time.

Lemma 5.3.9. Consider a solution of the initial value problem (|5.4a] with
respect to fized initial data in Fy. If ro > 1, then either

or=1andw=0, or

o N >0 for all p > 0 such that |w| < 1.

Proof. If (rg,wo,Uy) = (1,0,0), then the solution is trivial with » = 1 and w = 0, cf.
Remark Assume therefore that ro > 1 and (ro, wo, Up) # (1,0,0). By (5.4b), we

have oo

1_

#21—(1—%)220.
To

N(0)=1-

If ro > 1, then the first inequality is strict and N > 0 for small p > 0 since N(0) =0
by our choice of initial conditions. If rg = 1 and |wg| # 0, then the second inequality
is strict and agam N > 0 for small p > 0. If ro = 1 and wy = 0, then we can continue
differentiating (5 to see that that N(0) = N(0) = 0 but N (0) = 4U2, and the latter is
positive since otherw1se (ro, wo, Up) = (1,0,0). Thus, N > 0 for small p > 0 in all cases.

Suppose that N ever reaches zero again in the region |w| < 1, so that there exists
p>0with N >0 and |w| <1 for 0 < p < p, as well as N(p) = 0. Then r increases
on this range and r(p) > ro > 1, giving, by the same estimate as above, that N(p) > 0.
This is a contradiction, so that we must have N > 0 for all p > 0. O

The next result tells us that the condition N — 0 as p — oo is in fact a characterizing
property of asymptotically cylindrical orbits.

Lemma 5.3.10. Consider a solution of the initial value problem (5.4al with
respect to fized initial data in Sy. If N — 0 as p — 00, then the solution is asymptotically
cylindrical, cf. Theorem (ii).

Proof. We first note that r has a finite limit 0 < ro < 1 by Lemma (ii). Furthermore,
the energy (5.11)) tends to 0 (since x is bounded and ¢ — 0). Now the autonomous energy
(5.12) satisfies F' = r?(E — 1) — —r2,. For any pg > 0, we also have

Fin) + Fp) =~ [ £ =1 [ (n—23)a?
PO PO

If pg is selected so large that k — 2N > ¢ for p > pp and some constant ¢ > 0 (this
is possible since liminf x > 1 and N — 0), then we see by the monotone convergence
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theorem that

00 P 1 F 2
/'W:mg/w<4mmnm+mm:(M+%
C
PO

pP—r00 00 p—+00 4c ’
and hence w is square-integrable near infinity. Since
W= —(k — 2N) — w(l — w?)

is bounded (note that w0 is bounded because F and w are), we see that w? is uniformly
continuous, and hence w — 0 by Barbalat’s lemma (Lemma [5.2.1)). Thus U — 0, as well
as kK — 1 by Lemma [5.3.9

Now (1 —w?)? = 2t? — F has a limit at infinity, and hence w also tends to some
limit |weo| < 1 by continuity. By equation (5.4d), we must have we, € {0,%1} since
W — —wWeo (1 —w?2)), and any other choice of ws, would contradict @ — 0. But we, = +1
is impossible since that would imply the absurdity F' — 0 = —r2_. It follows that w — 0,
and from F — 0 we also get r — 1.

Next, we observe that the only asymptotically cylindrical solution with rg > 1 is the
trivial orbit with » = 1 and w = 0 by Lemma (since otherwise N > 0 and r > 1 for
p > 0 with |w| < 1, and we cannot have » — 1). On the other hand, for ro < 1 the trivial
solution w = 0 has Ey < 0 and thus is not admissible. Therefore it only remains to show
that w truly has infinitely many zeros in the case rg < 1. To this end, we consider the
polar angle defined by

or < 0(0)<0, tanf =" if w#0,
w
and extended smoothly across zeros of w. Note that this is well-defined because (w, w)
stays away from the origin, since w # 0. A simple calculation yields
wWw n w?
w? +1i? " w? A i?

0+1=—(k—2N) (5.13)

Now since 2|w| < w? + 0?,

we get,

-1 1

But the right hand side of the latter inequality tends to 0, so lim supf < —%, implying
that # — —oo, and thus w necessarily crosses zero infinitely many times. O

With Lemma [5.3.10 in hand, we can now continue the proof of Theorem by
tackling the different cases depending on the number of zeros of N, as already hinted.
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Lemma 5.3.11. Consider a solution of the initial value problem (/5.4a] with
respect to fixed initial data in . If N has infinitely many zeros, then the solution is
asymptotically cylindrical, cf. Theorem m (ii).

Proof. Let p, be the increasing sequence of zeros of N. Note that p, must be unbounded
by Lemma [5.3.6| and the fact that the region N < —( is invariant, so that N can only
have zeros while staying in the region —¢ < N < 1. Since r tends to some limit at infinity
by Lemma [5.3.§] (ii), we may use the constraint to calculate

: 2 _ 7 2
Jim r(p)” = lim r(pn)
. 212
o (A —w(pn)”)
n—oo 142U (pn)? — ((pn)?
<limsup (1 —w(p,)?)* < 1

n—oo

which is finite since w is bounded by Lemma (iii). This implies that the limit of r
is finite, and thus N — 0 by Lemmam (ii). Hence, we may apply Lemma |5.3.10| to
conclude. O

Lemma 5.3.12. Consider a solution of the initial value problem (5.4a] with
respect to fized initial data in . Assume there is a point pg > 0 such that N(pg) =0

and N(p) <0 for p> pg. Then the solution is singular, cf. Theoremm (i).

Proof. In view of Lemma[5.3.7] we only need to show that IV exits the region —¢ < N < 0.
Aiming to reach a contradiction, assume that N remains in this region for all p > pg.
Then we also have |w| < 1 in view of Lemma [5.3.7] (i). Furthermore, we see that N — 0
as p — oo (since ¢ — 0), and hence r — 1 by Lemma But N is negative for
p > po, so we must have r > 1 on this range, in particular also at p = py where N(pg) =0

and so -
- (1 —w(po)”)
N(py)=1————"—>0,
o) (0)?
implying that N > 0 for sufficiently close p > pg, which is a contradiction. O

Lemma 5.3.13. Consider a solution of the initial value problem (5.4a] with
respect to fized initial data in Fy. Assume there is a point pg > 0 such that N(p) > 0 for
all p > po.

(i) Ifr is bounded, then the solution is asymptotically cylindrical, cf. Theorem (ii).
(ii) If r is unbounded, then the solution is asymptotically flat, cf. Theoremm (iii).

Proof. Part (i) follows trivially from Lemma [5.3.10] since N — 0 by Lemma [5.3.§] (ii).
For part (ii), we first show that U — 0. We consider separately the cases where w has
finitely or infinitely many zeros.
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If w has finitely many zeros, then there is a p > 0 such that, without loss of generality,
0 <w(p) <1 for p > p. Define the function

WFA%

so that © = U and © = U. We will show that v has a limit at infinity. Since ¢ = U is
bounded by Lemma [5.3.8| (iii) and (5.4d)), it will follow from Barbalat’s lemma (Lemma
5.2.1|) that © = U — 0. Integration by parts gives

Paw wp w(p P wr
p p
Since w is bounded and r — oo, it follows that the first term tends to 0, while the integral
also has a finite limit since it is a bounded increasing function of p. Indeed, the integrand

/pm < supw(p) /T‘(p) dr < supw(p) /OO dr < 00
5T T o2p rp) TP e>p @t

is positive and

If w has infinitely many zeros, then so does U and we can find a sequence py — o0
with U(pg) = 0. Since kK — N > 0, we see that the energy satisfies

_ n2)2 —an2)\2
Bt Nty VA=) N w?)

7"2 — 7"2 K
and hence
PN(1—w?)? Py 2 2
e e S -yl
Pk Pk

since |w| <1 and N > 0 for p > py, if k is large enough. Thus, since U(py) = 0,

li;ri}sogp E(p) < E(pr) + 7“(p2k)2
(= w(pr)?)? 2
e T T

where in the end we let & — oo. Since trivially liminf £ > 1 (because r is unbounded

and w is bounded), we see that £ — 1. This implies that 2U% = E — 1 + (1_1}52)2 — 0 in
this case as well.
By Lemma we now get k — 1. From the constraint (5.5]), we see that

(1-N)2=1-FE+2N(k—1)+¢> =0,

and hence N — 1. Next, we wish to show that wv — 0. Note that this does not follow
directly from the fact that U = w/r — 0 since r is unbounded. It is not even clear, prima
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facie, whether w is bounded - this does not follow from Lemma m (iii), since we do
not consider w as one of the dependent variables.

Since kK — 2N — —1 by the proof above, we may choose p > pg so that k — 2N < —%
for p > p. The autonomous energy F' = 21> — (1 — w?)? satisfies

F=—4(k—2N)i? > 2’ = F+ (1-uw?)? > F.

This implies, in particular, that the region F > ¢ is invariant for any ¢ > 0. In this
region, we have 2t? = F + (1 — w?)?2 > ¢ > 0. Thus, if the orbit enters the region F > ¢,
then w exits the strip |w| < 1 at some finite p, which is a contradiction. Consequently,
F <0 for all p > p, which also implies that w is boundedm Now

P P 1 [P . 1
/w2§—2/(m—2N)w2:/ F<——F(p)
5 5 2.5 2

and applying the monotone convergence theorem with p — oo shows that w is square-
integrable. Since 1 is bounded, w? is also uniformly continuous, and we get w — 0 by
Barbélat’s lemma (Lemma [5.2.1)).

Now since F' is non-decreasing for p > p and F' < 0, we see that F' has a limit at
infinity. Hence, (1 —w?)? = 21? — F also has a limit at infinity, and consequently w also
tends to some limit |ws| < 1 by continuity. By we see that 10 — —weo (1 — w?)
and consequently ws, € {0, £1} (otherwise we could not have w — 0).

If we = 0, we need to show that the solution is the trivial w = 0. In fact, we see
that FF — —1, and since F' is non-decreasing for large p and F' > —1, we necessarily have

= —1 which implies w = 0. The discussion in Remark also implies that in this
case 19 > 1.
Finally, we need to study the limits of ¢ and r(1 — N?) at infinity. Note that

d
d—plog(rC):N—KSO

by Lemma [5.3.4] so r( is non-increasing and

lim ¢ =g Eoexp/ (N — k)
0

p—00

by the monotone convergence theorem. Therefore, to show that r{ has a finite positive
limit, it suffices to show that the integral on the right-hand side converges. By (5.6),

1 .
N—k=——(N-202+¢%.
K N( U+ ¢%)

Hence, the claim will follow if we can show that of U and ( are square integrable near
infinity, since N — 1. But the integrability of U? follows trivially from the integrability

"This argument is similar in spirit to [BP92, Lemma 3-4].
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of W? = (rU)? (since r — oo0), whereas the integrability of (2 follows directly from the
bound ¢? < Egsech?(p), cf. Lemma On the other hand, we have

P Py
—NH=2m = m=r - W? —w?)? — (r¢)? .
r(l—N?) =2 2/0 0+/0 7a2[2 +(1 )2 = (rQ)?], (5.14)

and the integral converges as p — 0 since the quantity in the parentheses converges
the finite quantity (1 —w? )% — a?. Therefore 7(1 — N?) has a finite limit at infinity by
dominated convergence, and this limit must be non-negative since N — 1 and N <1 (cf.
Lemma [5.3.4]). O

We now have essentially all the ingredients necessary to complete the proof of Theorem
To summarize, the pieces of the puzzle can be put together as follows. In Lemma
we showed that the solution can be continued as long as N remains finite, and
in particular the only way that a solution stops existing at a finite point p = po is if
N — oo (and r — 0), which is precisely the behaviour describing the singular orbits from
Theorem m (i). In Lemma we showed that such singular behaviour happens
precisely when the solution enters the region N + ¢ < 0, and we also showed that the
solution enters this region if it exits the strip |w| < 1. This allowed us to assume that
the solution satisfies N + ¢ > 0 and |w| < 1, in which case it must be globally defined by
Lemma [5.3.6] and the bounds from Lemma [5.3.4l In Lemma [£.3.8 we showed that the
remaining dependent variables remain globally bounded and, most importantly, that r
has a limit (which may be infinite) at infinity. The remainder of the proof then revolved
around studying the different possible behaviours of N, depending on its number of zeros:

¢ In Lemma [5.3.11] we treat the case when N has infinitely many zeros, and show
that the solution is then asymptotically cylindrical as in Theorem m (il);

¢ In Lemma [5.3.12| we treat the case when N has finitely many zeros and is negative
after the last zero, in which case the solution is singular as in Theorem [5.3.1] (i);

¢ In Lemma [5.3.13| we treat the final case when N has finitely many zeros and is
positive after the last zero, in which case the solution asymptotically cylindrical
Theorem [5.3.1] (ii) if r is bounded, and asymptotically flat as in Theorem [5.3.1] (iii)
if r is unbounded.

Since this exhausts all the possible cases, the proof of Theorem [5.3.1]is complete.

5.4 Neighbourhood theorem
In this section, we will study the set of admissible initial data
jo = {(To,wg,U()) S Rg | rog > O, ‘wo‘ < 1, Eo > 0},

and particularly its subsets generated by the classification in Theorem We will
hereafter fix ro > 0, and a given subset % C %) we will write

@(To) = {(’u}o,U()) S ]RZ ‘ (T’o,wo,U()) S @}
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We also introduce the following notation, which slightly differs from the categorization in
Theorem but it will turn out to be more convenient throughout this section.

Definition 5.4.1. We define the following subsets of .#j:

¢ For the singular orbits, i.e. those with r — 0 and N — —oo at some finite p, we
define the subsets (denoting by n the number of zeros of w for p > 0):

o &, as the set of escaping singular orbits, for which w escapes the strip |w| < 1.

© 6, as the set of crashing singular orbits, for which w stays in |w| < 1. We
also put € = U,—, G-

o O as the set of oscillatory orbits, defined for all p > 0 with (w,w) — (0,0).

o Ky as the set of regular orbits, defined for all p > 0 with (|w|,w) — (1,0), and such
that w has n zeros for p > 0.

By Theorem [5.3.1] we see that the sets %Z,, &,, %€, ¢ form a disjoint partition of 7.
We also observe that all orbits in %, are asymptotically flat. For orbits in &(rg), we
have that:

o if g > 1, then w = 0 and the orbit is asymptotically flat,
o if rg = 1, then w = 0 and the orbit is asymptotically cylindrical,

o if rg < 1, then w # 0 and the orbit is asymptotically cylindrical.

Finally, we note that €'(rg) = @ for 79 > 1, cf. Lemma[5.3.9]
Our current goal is to show the following result, which tells us how the orbits near a
given orbit type behave.

Theorem 5.4.2 (Neighbourhood theorem). Fiz 19 > 0 and let zo = (wo, Up) € H(r0)-
Define the slices

Ws(ro, w0) = {(A\, Up) € Ho(ro) | |A —wo| <6},
Us(ro, w0) = {(wo, ) € Ho(ro) | |p— Vol < 6}

(i) Let either
Y (ro) = én(ro) or % =% (rg)\ {0}.

If xog € % (r9) and 6 > 0 is sufficiently small, we have
Us(ro,x0) C ¥ (ro).
If we also have wgy # 0, then

%(To, LL’()) C @(7’0).

(ii) If zy € O(rg), then for any n > 0 we can choose § > 0 so small that the yo-orbit
has at least n zeros of w for p > 0, whenever 0 < |yo — zo| < 0.
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(ili) If xo € %n(ro) \ {0} and 6 > 0 is sufficiently small, we have
%5(7”0, {L‘g) C («%n U éan U (g)n+1)(7‘0)‘
If we also have wg # 0, then

%(7’0, xo) C (%n ué, U éan+1)(7“0).

Remark 5.4.3. This result is an analogue of [BFM94| Propositions 30 and 32] for the
wormbhole setting. Part (i) essentially says that & (r¢) and each &, (r¢) are open relative to
the lines where either wy is fixed, or Uy is fixed and wp # 0. In parts (ii) and (iii), one can
actually get a stronger result. In fact, one can show that oscillatory and regular orbits are
locally unique (cf. [BFM94, Propositions 31 and 33]). This fact is, however, non-essential
for the proofs in nor does it improve the statements of the corresponding theorems,
SO we omit themﬁ Finally, we would like to point out that the proof of part (iii) given
in [BFM94, Lemma 20] for their setting again invokes the theory of structurally stable
vector fields, which we have already commented on in Remark The proof given
here naturally avoids this.

Remark 5.4.4. Throughout the proofs in this section, we will repeatedly use some
basic facts about ordinary differential equations. As we have already observed in
the solution depends continuously on the initial data (wo, Uy) € H(rg). Furthermore,
classical results [Har02, Theorem 3.2] ensure that the maximal forward point of existence
p > 0 of the solution is a lower-semicontinuous function of the initial data. This is
important to us because we would like to compare the values of an orbit with its nearby
orbits near the end of its existence.

Consider now an orbit with initial data zo = (wp, Up) € #. The zp-orbit is either
singular and hence defined up to some finite p,, or it exists for all p > 0. As already
noted, we can choose § > 0 so that the solutions with initial data y such that |yo—zo| < 0
are defined up to any p < po in the former case, or up to p as large as we would like in
the latter case.

By further shrinking § > 0 if necessary, we can also ensure that the values of the
dependent variables at p differ by no more than any given € > 0, since the solutions
depend continuously on the initial parameters. Moreover, if the xg-orbit is defined for all
p > 0 and a continuous function of its dependent variables, call it £, tends to some limit
L, then we can for any &, K > 0 find p > 0 (depending only on ¢) so large and 6 > 0
so small that &(p,yp) differs from L by no more than € on the interval p < p < p+ K.
Indeed, we can first choose p so large that |{(p, z¢) — L| < ¢/2 for p > p, and ¢ small
enough that orbits with initial data in {|yp — xz¢| < ¢} are defined at least up to p + K.
Then £ is continuous on the compact set

19, p+ K] x {lyo — 20| < 6},

8The authors of the cited paper likely included this analysis as it seems like they were also attempting
to get some global uniqueness result for regular orbits with a given number of zeros of w.
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o it is also uniformly continuous there. By shrinking ¢ further if necessary we then get
€(p:y0) — &(p,0)| < /2 for all (p,yo) € [p, p+ K] x {|yo — xo| < 6}, which gives the
desired claim.

Finally, we note that if w(p, zo) has (exactly) n zeros for 0 < p < p and w(p, zg) # 0
(in particular w # 0), then for sufficiently small § and initial data yo with either
Yo € Us(ro,x0), or yo € #5(ro, xo) with wy # 0, the corresponding solution w(p,yp) has
(exactly) n zeros for 0 < p < p. To see this, let {py | k = 1,...,n} be the n zeros of
w(p,zg) on 0 < p < p. If wy = 0 we also put pg = 0 and let k£ run from 0 to n instead.
Then w(pk, o) # 0 since otherwise we would have w = 0 (cf. Remark , and we can
by continuity find d, > 0 so small that

w(p, yo) # 0, p € (pr =7, ok +7) = I,

for each k and all yp-orbits (note that  can be chosen uniformly because k runs over a
finite set). In particular, w(p,yo) is strictly monotone in each . On the other hand,
p — |w(p,x)| is positive on the compact set

K = 10,5\ |J I,
k

so it also has a positive minimum on K and we may select € > 0 strictly smaller than
this minimum. Then, finally, we shrink ¢ further if necessary to make

’w(pa yO) - w(ﬂ? .’17())‘ <g,

which also ensures that, for each fixed yg, the corresponding p — w(p, yo) has no zeros
on K, and has exactly one zero in each I; by monotonicity and the intermediate value
theorem (note that the zeros are no longer necessarily located at py for the yg-orbits).
This gives the claim if wg # 0. On the other hand, if wg = 0, then we note that the
zero at pp = 0 stays located at p = 0 for the nearby yg-orbits, since we only consider
Yo € %s(ro,xo) in this case, and consequently the number of zeros for p > 0 remains
unaffected ]

Proof of Theorem [5.4.9, Assume first that z € &,(ro) \ {0} and choose § > 0 so small
and p so close to the singular point that (N + ¢)(p, yo) < 0 and w(p,yo) > 1, and w has
exactly n zeros for the desired initial data yo € %s(ro, xo) or yo € #5(ro, zo) with wy # 0
(cf. Remark . All of the yg-orbits are then singular by Lemma m and w(p, yo)
cannot gain any more zeros for p > p because it stays in the region |w| > 1. It follows
that yo € &,(ro).

An analogous argument can be applied when xo € € (r9) \ {0} to conclude that the
nearby yo-orbits are singular (but in this case w(p, yo) could gain zeros for p > p, which

9This is important in view of the way we count zeros of w (cf. Definition [5.4.1)). It is also the main
reason for not allowing the case wo = 0 when considering the slices #5 in the wo-direction. Indeed, in
this case the initial zero of w could move around too much, which would also destroy the counting of the
zeros near p = 0.
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is why we refrain from counting them in the first place). Furthermore, the energy
is non-increasing for N < —( and satisfies
2 2 . (1—w?)? 2
E=2cN—-N“4+(¢" <0, Iie. T21+2U > 1, (5.15)

so w cannot cross the lines |w| =1 in this region and consequently yog € € () \ {0}.

Now consider the oscillatory case (ii) of Theorem If rg < 1, the xg-orbit has
infinitely many zeros of w while w # 0, so the result follows trivially by continuity with
respect to initial data, cf. Remark (alternatively, one can use a similar argument as
in the case ro = 1 below, if one prefers). For ry > 1, we first note that the orbits with
initial data yo in the punctured ball 0 < |yo — x| < 0 cannot be in &(rq) or € (ro), as
follows from Theorem [5.3.1] and the fact that no orbit can crash for ro > 1, cf. Lemma
To show that these have arbitrarily many zeros, we consider the polar angle of
(w,w) defined by

—2r < 6(0) <0, tanﬁz% if w0,

and extended smoothly across zeros of w. Note that this is well-defined since the orbits
starting in the punctured ball 0 < |yp—xo| < d cannot reach the fixed point (w,w) = (0,0).

A simple calculation yields (cf. (5.13]))
11 )

The idea is to show that the right-hand side is sufficiently small on an arbitrarily large
interval, which will imply arbitrarily many zeros of w. Note that:

o If rog = 1, then necessarily o = (1,0,0) and w =0, N =0, x = tanh(p) — 1.

o If 7o > 1, then necessarily xg = (19,0,0) and w = 0, while K — 1 and N — 1 since
these orbits are asymptotically flat, c¢f. Remark

Hence, in both cases we can for any K > 0 find p > 0 sufficiently large (independent of
K) and 0 > 0 so small that (cf. Remark [5.4.4))

1 1
|(’€_2N)(p7y0):t1| SZ and w(puyO)Zggv
for p < p < p+ K and all yp-orbits with |yp — zo| < 0, where the first inequality holds
with the minus sign for 7o = 1, and with the plus sign for ro > 1. It therefore follows
that 6(p, yo) < —% for p < p <p+ K and |yp — zo| < 9, implying that

K K

0(p+ K,y0) = 0(p,y0) +/_ 0(-,y0) < 0(p,yo) — T
p

But the right-hand side can be made arbitrarily (negatively) large, which implies arbi-
trarily many zeros of w.
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Finally, we consider part (iii), so let 29 € Z,(ro) \ {0}. We first want to make sure
that, for nearby orbits, N and k stay near 1. Since Ej is bounded on |yg — xg| < J, we
see that for any given & < 1 and sufficiently large p depending on it, all orbits with initial
data in |yo — xo| < 0 have

V Eo(yo)sech(p) <2 and (k+ N)(p,yo) <2(1+8)

for all p > p, where the latter inequality follows by the former and Lemma Since
the xg-orbit is asymptotically flat, it has 7 — co and N — 1, so we may further increase
p and shrink ¢ if necessary to ensure that

m | =

for all orbits with initial data in |yo — x| < J. As long as N > 0 and |w| < 1, we then
have r > r(p, yo) > %, and equation 1' gives

N>1-22—-[2(1+8) —N|N>(1+&—N)?—4g,

which shows that N increases in the region N < 1+ & — 2¢/Z and in particular stays
positive if € is sufficiently small. There are two options, as long as |w| < 1:

o If N(p,yo) < 1+&—2V/Z, then N(p,y0) > N(p,y0) > 1 — & for p > p.

o If N(p,yo) > 1+& — 2V/Z, then N(p,y0) > 1 +& — 2% for p > p.

Hence, for any € > 0, we can choose € small enough that

N(p,yo) > 1 —max{,2/z -2} >1—¢
k(p, o) <2+ &— N(p,yo) < 1+&+max{z,2ve—¢} <1+e¢

for all p > p as long as |w| < 1, and all orbits with initial data yo in |yo — zo| < 0, as
desired.

Since the zg-orbit has exactly n zeros of w and |w| — 1, we can again shrink § and
increase p to ensure that the yg-orbits such that either yo € %s(ro, xo), or yo € #5(ro, o)
with wo # 0, satisfy (1 —w(p, y0)?)? < € and have exactly n zeros of w for 0 < p < p, cf.

Remark The autonomous energy (5.12]) satisfies
F = —4(k — 2N)w? > 4(1 — 3e)uw*.

In particular, this shows that F' is non-decreasing for ¢ < 1/3, so F(p,y0) > F(p,y0) > —¢,
or equivalently
2% > (1 —w?)? —¢, (5.16)

for p > p with |w| < 1. Now there are three options for the yp-orbit (we omit yy as an
argument henceforth), where we assume without loss of generality that w and w are
negative at p, in view of the symmetry (w,U) — —(w,U):
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(i) w continues decreasing but stays in the region |w| < 1, hence the orbit is in %, (ro),
(ii) w continues decreasing and enters the region w < —1, hence the orbit is in &,(ro),

(iii) w decreases until it reaches a minimum at some point p; > p, so w(p1) = 0 and
—1 < w(p1) <0, and then turns back towards the region w > 0.

To complete the proof of (iii), we thus need to show that w enters the region w > 1 in case
(iii), so the orbit is in &,+1(r¢). The argument below is, in essence, very similar to [SW93,
Proposition 4.8]. Define b > a > p; as the first points such that w(a) = —y/1 — /¢ and
w(b) = 0. These are well-defined because w increases and w > 0 in the region w < 0 for
p > p1 by , so w also increases uniformly in that region. Then for a < p < b, the
right-hand side of is non-negative, so we may take the square root and estimate

F(p) > —e +4(1 — 3¢) /,, w?
P1

Z—E+2\/§(1—35)/bw\/(1—w2)2—5
:—e+2\/§(1—3a)/0 f\/mdw,
—v/ 1=v€

for p > b. The right-hand side depends continuously on € and tends to % as e — 0.
This implies that F' is lower bounded by a positive constant for p > b when ¢ is sufficiently
small. Hence, the same is true for w, implying thats w keeps increasing uniformly and
eventually enters the region w > 1, as desired. O

Remark. We would like to point out that in [SWY93, Proposition 3.5], the authors prove
the analogue of part (ii), ro > 1, of Theorem for their setting. However, their proof
is much more involved, because they treat r as the independent variable, so they cannot
use continuous dependence on initial data since the initial point for the zg-orbit is a
singular point of the system in those coordinates. However, this singularity only appears
as a consequence of using r as a coordinate, and in our system we do not face the same
difficulties, so the proof is much simpler.

5.5 Energy theorem

Having studied neighbourhoods of different types of orbits, we also wish to understand
how the extremal parts of the set %) look like. This can viewed as a compactness result,
as it will provide us with appropriate upper and lower bounds for the shooting method.

Theorem 5.5.1 (Energy theorem). Fiz ro > 0, let (wg,Up) € Hy(rg) and

1 — w2)2
Ey = Ey(wo,Up) = 1+ 2U5 — %

o
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(i) If Ey = 0, then either (rg,wo,Up) = (1,0,0) € & or (wo, Up) € € (ro) with ro < 1.
(ii) If Ey is sufficiently large, then w is monotone and (wq, Upy) € (& U &1)(ro).

Remark. In part (ii), the required magnitude of Ejy depends on ry. The heuristic idea
behind part (ii) is that if the initial velocity wg of w is chosen large enough (this is in fact
equivalent to chosing the initial energy Ej large enough since rg is fixed), then w escapes
the strip |w| < 1. Even though this seeems intuitively obvious, the proof is surprisingly
difficult. The first issue is that, a priori, the orbit could crash arbitrarily fast for large
Ey, before w escapes the strip |w| < 1. The second difficulty is that, even if the orbit
does not crash, equation implies that the larger Ej is, the faster U decreases, so it
could become negative arbitrarily fast, in particular if x — IV becomes large. The crux of
the issue here is that we do not have a bound for « that is uniform in Ey (in particular,
the bound from Lemma is not good enough).

Proof of Theorem (i). Let Ey = 0 and recall that {; = /Eo = 0. By (5.4f), we
then see that ( = 0. In view of this, Lemma [5.3.7] implies that the region N < 0 is

invariant and the orbit is singular if it enters it.
In fact, we see from 1' that Ng = —2U§, which is negative if:.Uo #0, so that N <0
for p > 0 in this case. On the other hand, if Uy = 0, then Ny = Ny = 0, but

1R (1 - ud)

No=-—
2
To

Y

so that either N < 0 for p > 0, or else (ro, wo, Up) = (1,0,0) € O, cf. Remark [5.3.2]
This shows that the non-trivial solutions with Eg = 0 are singular, so it only remains

to show that they crash rather than escape the strip |w| < 1. But this follows immediately

since |wg| < 1 (note that Ey = 0 prohibits |wy| = 1), and w cannot cross the lines |w| =1

in the region N < —( =0, cf. (5.15]). O

As already hinted, the proof of Theorem m (ii) is much more involved. We will
need the following lemma, which allows us to control r uniformly for all choices of initial
parameters with fixed rg.

Lemma 5.5.2. Fiz rg > 0. For each € > 0, there exists a 6 > 0 such that, for

any solution of the initial value problem (|5.4al with respect to initial data
xo = (wo, Up) € H(ro), we have

Ir(p,z0) — ol <€,
for all 0 < p < § for which |w| < 1.
Remark. The main point of the result is that ¢ can be chosen independently of (wq, Up).

Proof. By Lemma we know that V < 1, so we only need a lower bound that
is uniform for (wg,Uy) € H(rg). To this end, we compare the equations (5.4al [5.4b)
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for (r, N) with a simpler system. For ry < 1, consider the solution of the initial value

problem|'”)

F=7N, 7(0) = 7o,
. _ (5.17)
N=1-%, N(0)=0,
and define
_ 70,0 if rg > 1,
oy = 00 :
solution of (5.17) if 7o < 1.

We claim that for any z¢ = (wog, Up) € H(ro), we have

r(p,w0) > 7(p) and N(p,x0) > N(p)

for all p for which (7, N) is well-defined and |w(p, zo)| < 1.
If rg > 1, then the region N > 0 is invariant (cf. Lemma |5.3.9)) and the result follows
trivially. So assume ry < 1 and take any (wo, Up) € #(rp). Define

E=r—7 and n=N—N.

Then £(0) = n(0) = 0 and using (5.4a} [5.17]) we can also calculate

p po_ p
§:ro<exp/ N—exp/ N):r0r<exp/ 77—1).
0 0 0

This shows that £ > 0 (at least) as long as n > 0. We first wish to show that n > 0 at
least for sufficiently small p > 0. To this end, we have by (5.4b}, |5.17)

_ 1—(1—wj)?
a0y = Lo L w0)”
)

so that 7(0) > 0 if |wg| # 0. If wp = 0, then 7(0) = 0 gives no information, so we continue

differentiating (5.4b} [5.17)) to find 7(0) = 0 but

1 1
7 (0) = 4UZ — 2(1 + 2U2) (1 — 2> >2 <2 — 1) >0,
7o To

since 19 < 1. Thus 7 increases initially in both cases and thus n > 0 for sufficiently small
p>0.

Suppose now that 7 ever reaches zero again, so that there exists a point p > 0 with
n(p) =0 and n > 0 for 0 < p < p. This implies that N(p) = N(p) < 0, and by (5.4b]

1074 appears that (5.17) does not have an explicit solution, but we would like to note that the solution
satisfies N < 0 for p > 0 until it stops existing at 7 = 0.
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5.17)), 1 satisfies

72 -2 B
’
> | 60

where we also use the fact that |w| < 1 and x > 0 (cf. Lemma. But since n > 0 for
0 < p < p, we see that the latter is positive, so such a point cannot exist and 1 > 0 for
all p > 0. Thus also ¢ > 0 and in particular » > ¥ and N > N for p > 0.

We thus have N < N < 1, and since N is a fixed function independent of the initial
data (wo,Up) € #(ro) (but depending on ), Lemma [5.5.2) follows immediately. O

Proof of Theorem (ii). Fix ro > 0 and use Lemma to find a 6 > 0 so that

<L <o (5.18)

N

To

as long as |w| < 1, for any orbit with initial data (wg,Uy) € H(rg). For later purposes
we also shrink ¢ if necessary, to ensure tha@

. 0 ro + 16
1) 1, ——1 14+ —— . 5.19
<mm{ * 2(ro + 16) °g< +2133r0>} (5.19)
Now define
p = p(d,wo,Up) =sup{0 < s <6 | |wip)| <1for0<p<s},

so that the bounds hold for 0 < p < p. We will show that w is strictly monotone
for 0 < p < p and that p < J for sufficiently large Ey, which implies the desired result.
In view of the symmetry (w,U) — —(w,U) and the fact that large Fy necessitates
large U2, we can without loss of generality assume that Uy is positive (on the other hand,
wp could be negative, but satisfies |wg| < 1). We begin by observing that can

equivalently be written as
d /Uy w@- w?)
dp \r¢) r2¢

_Uor P aw(l —w?)
U= & 7“0( rC/O o (5.20)

HThough these assumptions seem arbitrary at the moment, particularly the latter one, their significance
will become apparent as we go along.

and an integration gives
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Observe that Ey — oo if and only if Uy — oo (since 7 is fixed and |wp| < 1), and

U U, 1
0 29 o~ as Ey — o0,

G VB V2

so for sufficiently large Ey, we have % < Up/¢o < 1. Thus, using also the bounds 1 ,
we can estimate the first term in (5.20)) as

1Pz

for 0 < p < p. For the second term in ([5.20]), we note that r{ does not increase, since
d
d—plog(r{) =N-rk<0
by Lemma Since |w| <1 for 0 < p < p, we get
1 — 2
‘ ¢ / < ¢ / e[ <2
r C T

where we use the bounds 1) and also the assumption p < § < 1. It follows that, for
0<p<p,

1 2 1
4 To To
This then gives (since w = rU)
1
w>0¢—4 and 2U%<16 <42+>, (5.21)
8 To
where we also use the estimate (z+y)? < 2(2? +9?) to achieve the second inequality
and again the bounds for the ﬁrst one. If we define ¢(p fo ¢, then we see by
integrating the first mequahty in ) that
8 48 _
p< —(w—wy+4p) < — for 0<p<p, (5.22)
To 7o

since |w| <1 and p < < 1. On the other hand, since C = —r( by {i we get

d (k) 14202 ( m)1

L) 22 (120 2 aec,

dp (C) ¢ 0/ ¢

where we also use the second inequality from 1) Since k(0) = 0, an integration gives
16
m§<1+ > +m§/<
To
16
< (1+) p+16¢o

To

< b+ag,
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where the second step follows since ¢ decreases, whereas in the last step we use (5.22)) to

obtain the positive constants a = 2;—03, b=1+ %, both depending only on the fixed rg.

Using C = —k( again, we may then integrate to get
I ) q¢
= [ s
o b+aC VE; C(b+aq)
L 1 <b + ) 1 lo ( b + >
=-log(=-4a)— - ——+a

b8 \¢ b B\ VE )

and solving for ¢ yields the lower bound

¢> 2 {(1 + a\fET)> e — 1] - . (5.23)

By (5.21)), w is monotone (at least) as long as 2¢{ —4 >0 (and 0 < p < p). By (5.23),
this is achieved (at least) for

1 1

1 32rg
p<b10g(1—i—czno+ 1 )
b VEy

1 b ) ro + 16
— —log (1 = log {1+ J37—
b Og( +32r0a> 7o + 16 Og( * 2133r0>’

where the limit is taken as Fy — oco. In particular, we see that w is monotone on
0 < p < p for sufficiently large Fy, since p < §, and ¢ is less than half of the limit above,

cf. (5.19). Integrating now (/5.23)) for the final time, we get

$

#(p) > ~log (14 51— ™) /By

But ¢(p) is bounded as Ey — oo by (5.22)), so this inequality generates a contradiction
unless p — 0, which in turn implies that p < § for sufficiently large Ey and completes
the proof. O

Remark. The proof actually shows that the orbit escapes the strip |w| < 1 arbitrarily
fast as Fy — o0, just as one would intuitively expect. However, we do not need this fact
so it is not a part of the statement of Theorem

5.6 Construction of symmetric wormholes

Having performed the analysis of the previous two sections, we finally have all the
ingredients to show the main existence result (Theorem of this manuscript. The
theorem will follow by reflection using the symmetries discussed in Remark and the
following result.
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Figure 5.1: A (qualitative) visualization of the set .#, of admissible initial data with
Uy = 0 (left) and wo = 0 (right). The thick solid lines represent the set where Ey = 0, the
dashed lines represent the set of oscillatory orbits ¢, and the thin solid lines represent
the regular orbits Z,,.

Theorem 5.6.1. Fix rg > 0. For each n > 0, there exist initial parameters
0<wl =w(rg) <1 and UM =T
0o =wy (ro) =1 an o =U (ro) >0

such that a
(Wi, 0) € Zp(ro) and (0,UM) € Z(ro).

Furthermore, as n — oo, we have
Wi, 0) = WS ,0) € O(rg) and (0,U™) = (0,UL) € 6(ro).

The existence of the sequence w(()n) is an analogue of the corresponding result for

black hole initial conditions [BFM94, Theorem 34]. The existence of the sequence Uén)
has no analogue for the black hole setting. The final part of the theorem is not really
relevant for the construction of wormholes, but it comes at virtually no additional cost.
In any case, it is interesting to know that non-trivial oscillatory orbits exist for ro < 1,
while w(()n), én) — 0 for ro > 1.

In Figure 5.1} we present a visualization of the set of admissible initial data, where
either Uy = 0 or wg = 0 are kept fixed. The reader can use these figures as a visualization
guide throughout the proof.

Proof. We construct the sequences inductively. As in the statement, we will assume
that for the even orbits (i.e. those with Uy = 0), we have wy > 0, and for the odd
orbits (i.e. those with wy = 0), we have Uy > 0. This is possible due to the symmetry
(w,U) — —(w,U). Note that the boundary condition Ey = 0 of the set #(r¢) of initial
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parameters can only be reached if rg < 1. We set

(min) { VI=rg, ifrg<1,

1/,.—2 :
and U™ — 3(rg= = 1), ifrg <1,

w,
’ 0, it ro > 1, 0, iFro > 1,

so that (wo,0) € H(rg) for w[()min) < wp <1 and (0,Up) € H(rg) for Uémin) < Up.
Furthermore, by Theorem (1),

Cg(’l”o), if ro < 1,

(min) (min)
w, ,0), (0,0, €
(v 1 (0.5 {ﬁ(ro), if ro > 1.

The idea is now to perform a shooting method along the lines

X
—
S
N—
I

/(7"0) N {U)o 7é 0,Uy = 0},
f(’l“()) N {’LU() =0,Up # 0}.

N
—~
~
(=)
N~—
I

Let™
w(()O) = inf{wy | w(()min) < wo, (wo,0) € (Zo U &v)(ro)},

U(go) = inf{Uy | Uémin) < Uo, (0,Up) € (%o U &0)(r0)}-

Note that w(()o) is well-defined because (1,0) € Z(ro) is the trivial solution with w = 1,
while Uéo) is well-defined because (0,Up) € &y(ro) for sufficiently large Uy by Theorem
5.5.1 (ii). By Theoremm (w(()o), 0) and (0, Uéo)) cannot be in:

o &,(rp) for n > 0, or €(rg), because these sets are open relative to the lines # (r¢)
and % (rg), cf. Theorem (i),
o O(rp) because this set is neighboured by orbits with arbitrarily many zeros of w,

cf. Theorem (ii),

© Hn(rg) for n > 1 because each of these sets respectively is neighboured (relative to
the lines # (r¢) and % (ro)) by orbits with either n or n+ 1 zeros of w, cf. Theorem

().

Thus, (w((]o), 0) and (0, Uéo)) must belong to the last remaining option, namely %Zo(ro). We
also see in particular that w(()o) > w(()mm) and Uéo) > Uémm). Furthermore, by construction
and Theorem m (iii), the (wo, 0)- and (0, Up)-orbits with sufficiently close wg < w(()o)

and Uy < Uéo) must be in &7.

2With this choice we want to not only show that there are orbits in %o (ro) but we also want to choose
the smallest such, as it is not clear whether they are unique. The same will be done when constructing
the orbits in %, (ro) for n > 1. In contrast, in Figure we display these sets as if they were unique,
because the numerical results suggest that this is indeed the case.
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Now for the induction step, suppose wénil), énfl) have been defined, and let
wi = inf{wy | wi™ <wy < wY, (wo,0) € (B U &) (ro)},
U™ = inf{Uy | U™ <0 < UMY, (0,T0) € (% U &) (r0)}-

Then (w(()n), 0) and (0, Uén)) belong to %Z,(ro) by an argument analogous to the base

case. Furthermore, we also have w(()n) > w(()mm) and Uén) > Uémin), and the (wy, 0)- and

(0, Uy)-orbits with sufficiently close wy < w(()n) and Uy < U(gn) must be in &,47.

(n)

Now, wy~ and Uén) are decreasing bounded sequences, so they converge to some
limits w((]oo) and Uéoo) respectively. The (w(()oo), 0)- and (0, U(goo))-orbits cannot be in any
R (ro) or &,(ro) by construction, nor can they be in € (rg) because this set is open

relative to the respective lines. Hence, they must be in &'(r(), completing the proof. [J

Proof of Theorem[5.0.1 Fix ro > 0, let wén) = w(()n) (ro) > 0 and Uo(n) = Uén)(ro) > 0 be
the sequences manufactured by Theorem [5.6.1

The solutions with initial parameters (ro, w(()n), 0) are then well-defined for all p > 0.
By the symmetries discussed in Remark we see that the corresponding functions
w,r,( are even and U, N, k are odd. Therefore each of these solutions is also well-defined
backwards for all p < 0 and shares the same properties (but reflected depending on the

parity) of its forward counterpart. In particular, for the (w(()n)7 0)-orbit, w in total has 2n
zeros (n on each half of the real line), and w — (—1)" as p — $o0.

Similarly, for the solution with initial parameters (rg, 0, Uén)), we see that U, r, ¢ are
even functions while w, N, k are odd, and the solution is also defined for all p < 0 with
the same (but reflected) properties of its forward counterpart. In particular, for the

(0, Uén))—orbit, w has 2n + 1 zeros (n on each half of the real line, and an additional one
at p=0), and w — £(—1)" as p — +oo.
Now, for each n > 0, set
(n) (ro, w(()k), 0), if n =2k is even,
€T =
(ro,0,UM), if n =2k + 1 is odd.
Recall that we have hidden the metric coefficient 7 by defining ¢ = my/(re”) where

mo = 10e/ Fy is the phantom charge, cf. and ((5.10). We thus define the metric
cofficients

7™M (p) = log 7o — log(r¢) (p, ™)

= 10 + log(rov/Eo) — log(r¢)(p, z{™),

™ (p) = r(p, "),

the Yang-Mills potential coefficient

w™ (p) = w(p,x"),
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and the phantom field (4.12))

qb(")(p) — \@/Op C(s,x(()”))ds.

Since 7 is still free, we can choose it so as to make 7(™ — 0 at +oo, since r( tends to
some finite limit by Theorem [5.3.1] Then we see that these functions describe symmetric
wormbhole solutions, as desired in Theorem [5.0.1}] Finally, we note that for ro > 1 the
variable N has only a single zero located at p = 0 by Lemma [5.3.9, and this point
describes a non-degenerate wormhole throat. On the other hand, when ryp < 1 and n
is even (resp. odd), then Ny > 0 (resp. Ny < 0) by , so the initial point p = 0
describes a non-degenerate wormhole throat (resp. belly). O

Remark 5.6.2. Our results have the obvious weakness of not being able to specify the
total number of zeros N has for 7o < 1. One may hope to be able to control the number
of zeros of N in the neighbourhood theorem and subsequently the shooting method in a
similar way we control the number of zeros of w, but this is unfortunately not possible.
The main culprit for this is the fact that nothing prohibits N from having double zeros,
i.e. points such that N = 0 and N = 0 In particular, if an orbit has a double zeros of IV,
then for the nearby orbits this zero could bifurcate into several zeros, or even completely
disappear. Even though we cannot prove this using our current techniques, the numerics
indicate that the solutions with ry < 1 have exactly one non-degenerate throat for even n,
and exactly two non-degenerate throats for odd n. Nevertheless, Lemma ensures
at the very least that IV has only a finite zeros for the regular solutions, and in particular
the wormhole solutions with 7y < 1 have at most finitely many throats/bellies.

As far as asymptotic flatness is concerned, we can show that the wormhole solutions
constructed here decay to the Schwarzschild metric with mass me, as r — oo at a suitable
rate. By symmetry, we can only focus on the asymptotically flat end p — oco. Since
N = 7/r — 1, the function r is monotone for large enough p so we may use it as a
coordinate and write the metric as

dr@dr
T+T 9525

g=—eTdt®dt +

where the radial coefficient is obtained via
.2 7;‘2 N2
<d7“, d?“) =T <dp7 dp) = ﬁ = .

We can now state the asymptotic behaviour more precisely. We will use the notation
f < g tomean f < cg for some constant ¢ > 0.

13In view of the definitions from such points represent timelike trapping horizons with vanishing
surface gravity.
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Proposition 5.6.3. If (7,r,w) is a symmetric haunted hairy SU(2) wormhole solution
from Theorem with mass My, then

for sufficiently large 7.

Remark. The reader should compare this result with [SWY93, §4], where such a result
is obtained for black hole solutions in pure Einstein-Yang-Mills theory. In fact, such a
result can be obtained for any solution belonging to class (iii) of Theorem although

one should then be careful with how 7 is scaled at infinity (which is also why we deferred
this result up until here).

Proof. First, we note that the mass satisfies (cf. (2.5} [5.14))

> 1 [ 1
Im—mdé/lw=/ Qmw+u—wW—ooﬂs/ L
P 2p7“ p T T

for large p, where we use the facts that (w,w) — (1,0), N — 1 and r{ — « € R (cf.
Lemma[5.3.13)). Then it follows that

‘N2_<1_2mm>‘:2\m—mm] <1

r r ~ o2

For the temporal coefficient, we put e” = Ne® and note that

r T

so the claim will follow if the first term on the right hand side is bounded by a multiple
of 1/72 for large r. To this end, note that § — 0 since ed = % — 1, and using {D we

can estimate
| q 627— 00 26
s [ ()| =2 S -e
p |dp \N? p

<[ amit-etis [T

where we repeatedly use the fact that N — 1. O

9
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wo

Uy

WO === OOoOoo|S

CUOU R O A WOt W NS

0.065749965122
0.084835112960
0.088404573457
0.088999225383
0.018829723491
0.022343374339
0.022928486454
0.003511646294
0.004096369202
0.000584712822

2.387813074897
2.275028141102
2.254612018293
2.251230932725
1.961260476747
1.945208275470
1.942546748413
1.864011058565
1.861520432080
1.846718238329

Table 5.2: Initial data describing asymmetric wormholes for rg = 0.75.

5.7 Asymmetric wormholes

In [Hau+14, §4], it was proposed that it might be interesting to study also asymmetric
solutions. In fact, our numerical analysis suggests that there exist such wormhole solutions,
having n zeros of w for p > 0 and m zeros for p < 0. In Table we list our numerical
findings of initial data describing such solutions. We also plot the corresponding solutions
for certain choices of n and m in Figure (at the end of the chapter).

In view of this, we conjecture the following asymmetric extension of Theorem [5.0.1

Conjecture 5.7.1. For each 0 < rg <1 and 0 < n < m, there exists an asymmetric
haunted hairy SU(2) wormhole

(7mm)pmm) y,(n.m)y

such that w™™) has n zeros for p > 0 and m zeros for p <0.

Remark. Note that the even (resp. odd) solutions obtained in Theorem would in
this notation have n = m (resp. m = n + 1), which is why our numerical results only
display asymmetric solutions with m —n > 2.

Let us present also some analytical details that could be used to prove Conjecture
First, we note that Theorem [5.6.1| can in fact easily be extended.

Theorem 5.7.2. Fiz 0 < rg < 1. For each wg with ro + w% < 1, there exist initial
parameters U(gn) (wo) = Uén)(’l“(),’wo) > 0 such that

(wo, US™ (wo)) € Zn(r0), and  (wo, US" (wp)) — (wo, US™ (wp)) € O(ro),
for each n >0 (resp. n > 1) if wop > 0 (resp. wy < 0).
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Proof. Setting

[T )

we see that (wo, Un(mm) (wo)) € €(ro) by Theorem (i), since Ep = 0 in this case. On
the other hand, (wg, Upy) € (6p U &1)(rp) and w is monotone for sufficiently large Uy > 0
by Theorem (ii), so we can apply the same argument as in the proof of Theorem
to obtain the desired sequence for each fixed r¢g and wg, as well as its limit. O

Remark. The condition 79 + w3 < 1 is necessary because we would like to have a Uy for
which (wg,Up) € €(ro) in order to perform the shooting method. In the case ro > 1 of
Theorem this was not needed because our set of eligible values of Uy contained
the trivial solution w = 0 belonging to &'(ry), which also serves well enough as a lower
bound for the shooting method.

We thus obtain a sequence of solutions which are defined for all p > 0 with exactly n
zeros of w, and which have the correct boundary behaviour at p = oo, with neither wy
nor Uy being zero. However, these might not be defined for all p < 0 nor do they need to
have incorrect behaviour at p = —oo (i.e. they might be asymptotically cylindrical rather
than flat), since they are no longer symmetric. Nevertheless, the identities from Remark
imply that the backwards solution will have the desired behaviour if

Uon)(wo) = ém)(—wo), for some — 1 —19<wp <+V1—rgandn<m,

so the goal is to find wy having this property. Due to the way we count zeros of w (cf.

Definition , it however turns out that the functions Uén) (wo) will have a discontinuity
at wg = 0 for each n, so it makes more sense in this context to define

U(")(w0> _ { Uy (wo), if wg > 0,

0 Uén+1)(w0), if wo < 0.

Note that, by construction, f]én) (wg) decreases with n for fixed wy, since Uén) (wp) does.
The numerics suggest even more.

Conjecture 5.7.3. For eachn > 0, the function wy — Uén) (wy) is continuous, decreasing,

and
U8 (=T =10) > U (VT =70).

If one could show this conjecture, then the desired wg could be extracted by applying
the intermediate value theorem to the functions

Dyt wo = Uén) (wo) — U(gm_l)(wo), n < m,

because it has opposite signs at each endpoint of the wqg-interval. We visualize this
behaviour in Figure [5.2] where each intersection between a solid and a dashed curve
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Figure 5.2: The functions Uén)(wo) (solid), their reflections Uén)(—wo) (dashed), and the

limit Uéoo) (wp) (dotted), for g = 0.75. Every intersection between a solid and a dashed
curve represents initial data describing a wormhole. The intersections with wy = 0 are
precisely the odd solutions from Theorem [5.0.1]

represents a zero of some ®,, ,,,, and hence a wormhole with n zeros of w for p > 0 and
m zeros for p < 0. The values given in Table [5.2) are precisely these intersections.

Be that as it may, there unfortunately does not seem to be a proof of Conjecture
in sight. Indeed, we face here similar difficulties as when trying to prove uniqueness
of regular orbits with a given number of zeros (with ry and either wg or Uy fixed), cf.
discussion below Theorem and [BFM94| end of §8]. We therefore leave the statement

merely as a conjecture.
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Figure 5.3: Odd symmetric wormhole solutions for rg = 0.75. The plots of the other
dependent variables are not particularly inspiring so they are omitted.

Figure 5.4: Even symmetric wormhole solutions for rg = 0.75. The plots of the other
dependent variables are not particularly inspiring so they are omitted.
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Figure 5.5: Asymmetric wormhole solutions for rg = 0.75. Plotted using the initial
data given in Table The plots of the other dependent variables are not particularly
inspiring so they are omitted.
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Chapter 6

Outlook

Having wrapped up in this final chapter we would like to discuss some problems to
the haunted SU(2) EYM theory that may be interesting to study in the future, as well
as some generalizations of the theory that we have considered.

6.1 Related problems

The structure of the SU(2) EYM equations and its solutions interestingly appears in
many other geometric problems. Here, by structure we mean the existence of infinitely
many global solutions to an ODE system, labelled by the number of zeros of a solution
(sometimes called the nodal number). For example, one can use a similar shooting method
technique as we did in this work to construct infinite sequences of harmonic (and more
generally p-harmonic) maps between spheres [BC97; BS23|. In many problems where
such techniques are employed, the numerical analysis heavily suggests that the global
solutions furnished by the shooting method are in fact also uniquely determined by
their nodal number (up to possible symmetries). In the context of our main theorem
(Theorem , this means that we would like to not only say that the sequence of
symmetric wormhole solutions exists, but also that it is the unique such sequence of
symmetric wormhole solutions (for fixed ry) modulo the symmetry w — —w. Stated
more visually, one would like to show that the set of initial data looks as in Figure [5.1
where the regular initial data are described by curves which are injective as functions
of wg (resp. Uy). However, such uniqueness results do not seem to be known even in
the simpler cases of harmonic maps mentioned above. Some attempts in this direction
have been made for the pure SU(2) EYM equations in [BFM94] (cf. also Remark [5.4.3)),
where the authors reduce the problem of uniqueness to showing that a certain function is
monotone with respect to the initial data. This reduction is in some sense similar to our
Conjecture which also reduces the problem of existence for asymmetric wormhole
solutions to a monotonicity property of a certain function with respect to initial data.
However, actually showing the monotonicity of such functions does not seem feasible at
the moment, and would likely require the development of completely new techniques.
Nevertheless, it would be interesting to attack this problem in the future, as its resolution
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could potentially be widely applicable.

Going back to existence results, we would also like to recall that we have assumed
the initial value £(0) = 0 throughout the manuscript. This is, however, not a necessary
condition (cf. §4.3), and non-zero values of £(0) should likely also lead to sequences of
wormbhole solutions. Note that such wormholes would necessarily be asymmetric, so that
one should probably first have a good understanding of how these can be constructed for
the simpler case x(0) = 0, as discussed in

Another directly related problem, and in particular a weakness of the techniques used
in this manuscript, is that we are not able to count the number of trapping horizons that
the constructed wormholes have in the case ry < 1 in a satisfactory way, nor are we really
able to say whether the trapping horizons are degenerate or not (in the sense of ,
except for the ones located at the initial point p = 0. We have already discussed this in
some length in Remark Since trapping horizons play such an important role in
wormbhole theory, it would be interesting to revisit this problem again in the future.

Finally, there is also the natural question of the stability of the wormholes constructed
in this work. It is well-known that the Ellis-Bronnikov family of wormholes is unstable
both under linear spherically symmetric perturbations [GGS08a] and in the non-linear
sector [GGSO8b]. Attempts have been made to stabilize these wormholes by introducing
electric charge (thus obtaining the abelian wormhole family from Table , but such
wormholes turned out to be unstable as well [GGS09]. In fact, it is also known that the
hairy black hole solutions in pure Einstein-Yang-Mills theory are also unstable [VG99;
BS96|. Therefore the stability of the (non-trivial) haunted hairy SU(2) wormholes would
come as somewhat of a surprise if it were true, and it seems more likely that one would
have to look at weaker notions of stability to get some positive results. In either case, it
would be interesting to investigate this properly and see what can be shown.

6.2 Non-minimal coupling

Throughout this manuscript we have considered the Einstein-Yang-Mills theory with a
so-called minimal coupling to a phantom field, due to the lack of interaction between the
Yang-Mills and the phantom Lagrangian. In this section we would like to point out a few
initial remarks for studying also non-minimal couplings, but we leave a more extensive
analysis is left for a future project.

The non-minimal haunted Einstein-Yang-Mills theory is a local Lagrangian theory
with respect to

Ly : (g:w,0) = (Rg = F(O)| Fu® + [|dg][*) vol,
where f € C'(R) is a given fixed positive function, cf. Two common choices of f
are|Ast+19|:

o the dilatonic coupling f(¢) = e’ for a constant A € R (such couplings often appear
in supergravity /low-energy string theory models, and also pop up quite naturally
in the context of Kaluza-Klein theory);
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o the coupling f(¢) = e*” for a constant A € R (such couplings appear in certain
cosmological models [MSS13]).

A simple modification of Theorem shows that the corresponding Euler-Lagrange
equations are

Ricg — 2f(¢)(Fo @ F,) + 25 f(9)|| Ful>g + d¢ @ d¢ = 0,
dw * (f(9)F,) =0,
Og¢ + 1 f'(¢)|| Fu|® = 0.

We set f = e’ for some function h and employ the same ansétze for the metric, connection,
and phantom field, as in Theorem The corresponding equation system becomes

71;+<7"—:+h’(¢)d>>w+w(1—w2):0,
. AN h(9)
¢+ <%+ :) ¢+h’(¢)er2 (2% + (1 — w?)?) =0,
s eh(9)
. .2 TT € .2 22
P+ - (20° + (1 —w?)?) =0,
r T eh(9) 2.9
—t+ = 2 (I-w")” =0,
AT ooy T (o T ¢’
]."‘ ’1“2 (211) _(1_w))_’l“<27—+’r‘)_2_0

\
Trying to keep as much of the same form of the equations as for the minimal case, we
now define the variables

R=re™®, N=1, V=2 n—t+N, g:\%.
In terms of these variables, the system becomes
(. 1
R=R <N ~3 h’(gb)() , (6.3a)
- (1—w?)?
N:I—T—HN, (6.3b)
w = rU, (63(3)
. 1—w?
Vo —(e— Ny = Rw ), (6.3d)
fo=142V? — K2, (6.3¢)
X 1— U}2 2
¢ =—k( —N(p) <2v2 + (R2)> , (6.3f)
o=, (6.3g)
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together with the constraint
2\2
Go14 Ny LWL 3 )
In particular, we see that the only changes appear in the equations for the generalized
radial function R and the phantom term ( . In fact, the theory only depends
on the derivative of h = log f, rather than h itself.

If we wish to preserve the symmetries as in Remark we should require that x is
odd and ( is even when either wg = 0 or Uy = 0. In particular, we see from
that ¢ should be odd (up to a possible translation) and so should A’. We should therefore
require that h (and thus also f) is even. In particular, this already prohibits the dilatonic
coupling f(¢) = e*® (but e.g. the cosmological coupling f(¢) = e s permitted).

Now one would ideally like to follow the blueprint of the proof in §5| to prove the
existence of sequences of wormhole solutions with non-minimal coupling. The main
difficulty here is that the phantom equation is now more heavily coupled to the
rest of the system. In contrast, for non-minimal coupling we could immediately conclude
certain properties of {, which was paramount for the rest of the proof. In the present case,
one should probably impose further constraints on the function h to make the problem
more feasible. For example, if one assumes that A is non-decreasing, then ¢ would still
be a decreasing function by . However, in this case the region ¢ > 0 is no longer
invariant and ¢ could reach negative values. On the other hand, onec ould also assume
that h is non-increasing, in which case the region ¢ > 0 would still be invariant, but in
that case ¢ would no longer necessarily be decreasing. At the moment, it is not clear
which assumptions are appropriate here, but it would be interesting to look into this
problem in more detail, starting from a numerical analysis for some specific choices of f.

— 2kN.

6.3 Further generalizations

Throughout this manuscript, we have mainly studied the haunted Einstein-Yang-Mills
theory with gauge group G = SU(2). In fact, one can use the general theory of invariant
connections over principal G-bundles with symmetry (cf. ) to derive the EYM
equations for any gauge group G [BS93]. The resulting equations are of course rather
difficult in their full generality and, to the author’s best knowledge, only some very
partial non-existence results are known in such cases |[BS93; BS96|. Nevertheless, one
could also derive the haunted EYM equations in such a more general setting, and see if
this sheds some new light on the problem. Aside from this, the general theory from
could also be used to study spacetimes of dimension other than four, and also admitting
different symmetry groups.

Finally, we would like to note that there seem to be many other research works where
wormholes (with or without angular momentum) supported by different matter fields
are constructed numerically without proof. Particularly interesting are some quantum
field theory matter fields such as Yang-Mills-Higgs fields [CL20] or Dirac-Maxwell fields
[BKR21], just to name a few. It would be interesting to see whether the findings of such
works could also be rigorized.
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