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Abstract

This Master’s thesis is a study of complex-valued p-harmonic functions on Rieman-
nian manifolds i.e. functions ¢ : (M, g) — C which satisfy the 2p-th order partial
differential equation

(@) =7 -1(¢) =0,
p times
where 7 denotes the Laplace-Beltrami operator on the Riemannian manifold (M, g).
Since every p-harmonic function is a fortiori r-harmonic for any r > p, one is usually
interested in proper p-harmonic functions i.e. p-harmonic functions which are not
(p — 1)-harmonic.

In this thesis we develop a general method of constructing proper p-harmonic
functions of the form fo¢, where f : (M) C C — C is holomorphic and ¢ : (M, g) —
C is a so-called isoparametric function on the Riemannian manifold (M, g). We apply
this method to the special case when the isoparametric function ¢ is an eigenfunction
on M, and we present examples of eigenfunctions on classical semisimple Lie groups.
Finally, we employ the developed method to construct proper p-harmonic functions
on the solvable semidirect products R™ x R and R™ x H?"*! where H>"*! denotes
the (2n + 1)-dimensional Heisenberg group. The study of these particular Lie groups
is motivated by the fact that all four-dimensional Lie groups whose Lie algebra is
indecomposable are, up to isomorphism, semidirect products of one of these two

types.

Keywords: analysis on Lie groups, Laplace-Beltrami operator, p-harmonic func-
tions, semisimple Lie groups, low-dimensional solvable Lie groups

Throughout this work it has been my firm intention to give reference to the stated
results and credit to the work of others. All theorems, propositions, lemmas and
examples left unmarked are assumed to be too well-known for a reference to be given.
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Chapter 1

Introduction

The biharmonic equation A?¢p = AA¢ = 0 has been known and studied for more
than two centuries. The first to consider it were the French mathematicians Lagrange
and Germain, who derived this equation while studying vibration of thin elastic plates
at the beginning of the 1800s. Later in the century, Maxwell discovered that Airy’s
stress functions, which are central objects in two-dimensional elasticity theory, are
biharmonic. Aside from elasticity theory, the biharmonic equation also makes an
appearance in two-dimensional hydrodynamics problems involving Stokes flows of
incompressible Newtonian fluids. A more comprehesive review of this fascinating
history of biharmonic functions can be found in the article [33].

At the end of the 19th century, mathematicians started considering a natural
generalization of the biharmonic equation, namely the p-harmonic equation

Ph— A... — >
APp=A---Ap=0, p=>1,

p times

the solutions of which are called p-harmonic functions. Already in 1899, Almansi
[1] observed that any p-harmonic function on R™ can be represented in terms of
harmonic functions. The modern version of his result, which today is known as
Almansi’s theorem, states that if ¢1,... ¢, are harmonic functions on an open set
U C R", then the function ¢ defined by

p
$(x) =D |2 2pp(x)
k=1

is p-harmonic on U, and conversely that any p-harmonic function on U is of this form,
given that U is a star-shaped domain centered at the origin, see [3]. The general
theory of the p-harmonic equation and the corresponding boundary value problems
on the Euclidean space R” is well-understood today. For an extensive analysis of
this subject, we refer to the standard texts [3, [15].

There is a natural way of extending the definition the Laplace operator A to
the more general setting when the underlying space is not the flat Euclidean space,
but any Riemannian manifold (M, g). The linear differential operator then obtained
is usually called the Laplace-Beltrami operator (or tension field) and will here be
denoted by 7. Motivated by the Euclidean case, it seems both natural and important
to study the p-harmonic equation 7P(¢) = 0 on Riemannian manifolds. However,



even though the theory on p-harmonic functions on R™ is well-known, this is not
the case when it comes to p-harmonic functions on general Riemannian manifolds,
where the theory appears to be considerably more difficult and there exist much
fewer publications.

In |11, 12, 3], Caddeo et al. investigate the biharmonicity of the function r*,
where r denotes the distance function on the underlying Riemannian manifold, and
Schimming extends this study in [40] by also considering the p-harmonicity of the
function 7*. Their interest in studying the function r* is motivated by the fact that
Almansi’s theorem implies, in particular, that the function 72’2 is p-harmonic on
R™, where r(xz) = |z| is the distance function on R™. In the papers it is proven
among other things that r* can be biharmonic on an n-dimensional Riemannian
manifold (M, g) only if kK = 2,2 —n, or 4 — n. For some of these cases, further
classifications of the underlying manifold are also obtained. For example, if 727" is
biharmonic, then the underlying Riemannian manifold must either be locally flat or
a three-dimensional manifold of constant curvature.

In the paper [34], Montaldo and Ratto make an attempt to generalize Almansi’s
theorem to a certain class of warped products. Namely, they study manifolds of the
form M = [0,00) x S™ equipped with the Riemannian metric

g=dredr+ f(r)?g..,

where (S", g, ) is the standard unit n-sphere and f is a sufficiently nice function.
Motivated by Almansi’s theorem, they study the existence of a radial function ¢ =
¥ (r) with the property that ¢ is biharmonic for any harmonic function ¢. They
prove that the only manifold M possessing such a function v is flat R**! i.e. that
in this case we must have f(r) = r. In hopes of finding a positive result, they also
consider manifolds of the form M = S" x [0,00) x S™ equipped with the metric

9= f1(1)2gem +dr @ dr + fo(r)?g,n.

In this case, they show that r¢(r) is biharmonic whenever ¢ is a radial harmonic
function, and they also provide an example which shows that the assumption that ¢
is radial is essential.

A different approach is taken in [6] by Baird, Fardoun and Ouakkas, who study
functions ¢ : (M, g) — R which are isoparametric i.e. such that

7(¢) =Po¢ and (¢, ¢) =Vo¢

for some smooth functions ® and ¥, where k is the bilinear conformality operator

defined by

t(9,v) = g(grad ¢, grad ).
Rather than working with a fixed metric g, they investigate how the metric g must
be deformed in order for an isoparametric function to be biharmonic.

During the recent years, research in this field has been geared towards the con-
struction of examples of p-harmonic functions on classical Riemannian manifolds.
In the article [2I], Gudmundsson, Montaldo and Ratto construct the first known
examples of biharmonic functions on the classical compact simple Lie groups

SO(n), SU(n), Sp(n).



Gudmundsson and Siffert generalize this construction method in their paper [25].
Biharmonic functions on the celebrated three-dimensional Thurston geometries

Sol, Nil, SLy[R), S?xR, H?xR

are constructed by Gudmundsson in [19], and a generalization of these results can
be found in the recent paper [26] by Gudmundsson and Siffert.

In [27], Gudmundsson and the author of this thesis devise a general method of
constructing p-harmonic functions on Riemannian manifolds. This method relies on
the existence of eigenfunctions on the Riemannian manifold (M, g), which are defined
as smooth functions ¢ : (M, g) — C such that the tension field and the conformality
operator satsify

7(¢) =X¢ and  K(¢,¢) = pe?

for some constants A\, u € C. In the same paper, the authors present examples of
eigenfunctions on the classical semisimple Lie groups

SL,(R), Sp(n,R), SO(p,q), SU(p,q), Sp(p,q), SO*(2n), SU*(2n).

This also implies the existence of p-harmonic functions on these Lie groups following
the main result of the paper.

This thesis follows the same research theme, in that our goal is to construct p-
harmonic functions on Riemannian manifolds, with particular focus on certain Rie-
mannian Lie groups. To achieve this goal, we devise a general method of construc-
tion which uses complex-valued isoparametric functions. This method generalizes
the main result of the paper [27]. To demonstrate how the method can be applied,
we consider the semidirect products of the form R™ x R” and R™ x H?"*!  where
H?7*! denotes the (2n + 1)-dimensional Heisenberg group. Our interest in studying
such semidirect products comes from the fact that, according to the classifications in
[37, ], all simply connected solvable three- and four-dimensional Lie groups whose
Lie algebra is indecomposable are semidirect products of one of the following types:

RxR?, RxR3 R?2xR? RxH?.

The text is organised as follows.

Chapter [2] We recall some notions and results from Lie theory and Riemannian
geometry which are required for the understanding of this work.

Chapter We define p-harmonic functions and develop a general method of
constructing p-harmonic functions using isoparametric functions, which generalizes
the method introduced in [27].

Chapter |4 We provide a detailed exposition of the paper [27]. In particular, we
apply the above mentioned method to the special case when the isoparametric func-
tion is an eigenfunction and we construct eigenfunctions on the classical semisimple
Lie groups.

Chapter |5} We study the Lie groups R™ x R™ and R™ x H?**1. We supply a
linear representation of such Lie groups and we calculate the canonical left-invariant
metric in their respective standard linear representations. Finally, we construct p-
harmonic functions on these Lie groups, mainly using the theory developed in the
previous chapters.



Chapter 2

Preliminaries

We assume that the reader is familiar with some basic theory of smooth Rieman-
nian manifolds, as well as some basic Lie theory. In what follows we introduce the
notations that are used throughout the text and we recall some results from these
subjects which are essential for the understanding of this work. For a detailed review
of Riemannian geometry and Lie theory we recommend the excellent texts [22] 30]
and |31}, 28], respectively.

2.1 General notation

For a matrix A € C"*" we denote by A;; the (7,j)-th component of A, and by
A% the (i,7)-th component of its inverse A~! given that the inverse exists. We
denote the transpose of A by AT. The trace of the matrix A will be denoted by
Tr(A). For two vectors v,w € C", we denote their complex-bilinear scalar product
by (v,w) =), viw;. A vector v € C" is said to be isotropic if (v,v) = 0.

If f:U — C is a holomorphic function defined on a simply connected domain
U C C we will use the notation

oo [0

to denote any particular choice of antiderivative of the function f. The same notation
will be used if f: U C R — C is continuous.

Given a smooth manifold M, we denote by T),M and T;; M its tangent and cotan-
gent spaces at p € M and by TM and T*M its tangent and cotangent bundles,

respectively. If (z1,...,2,) is a local coordinate system, the induced local frame of
TM and local coframe of T*M will be denoted by 8%1, ceey % and dzq,...,dz,,

respectively. The space of r-times continuously differentiable maps f : M — N be-
tween two smooth manifolds M and N will be denoted by C"(M, N). The space of
r-times continuously differentiable sections of a smooth vector bundle E over M will
be denoted by C"(FE). Sections of the tangent bundle T'M are called vector fields.
For most purposes of this thesis, all functions and bundle sections can be assumed
to be smooth i.e. of the class C**°.



2.2 Lie theory

A Lie algebra g over a field F is a linear space over F equipped with a bilinear
operation [-,-] : g X g — g, called the Lie bracket, which alternates i.e. [X, X] = 0 for
all X € g, and satisfies the Jacobi identity

(X, Y], Z] +[[Y, Z], X] + [[Z, X],Y] =0

for all X,Y,Z € g. A Lie algebra is said to be abelian if [, -] = 0.

A trivial example of a Lie algebra is the n-dimensional abelian algebra t”, which
is isomorphic to R™. A slightly less trivial classical example is the space End(V) of all
endomorphisms of a linear space V' equipped with the canonical commutator bracket.
It is usually denoted by gl(V'). Another example is the algebra of skew-Hermitian
matrices

u(n) = {ZE(C"X” | Z+Z*:0}

equipped with the canonical commutator bracket.
A derivation on a Lie algebra g is an endomorphism D € End(g) such that

D[X,Y] = [DX,Y] + [X,DY],

for all X,Y € g. The space of all derivations on g is denoted by Der(g). This space
becomes a Lie algebra when equipped with the canonical commutator bracket. An
important example of a derivation is the adjoint mapping adx : g — g of an element
X € g, which is defined as

ady(Y) = [X,Y], Y eg.

If g and b are Lie algebras and 7 : g — Der(h) is a Lie algebra homomorphism,
then the semidirect product g X, b of g and h with respect to 7 is the Lie algebra
having g @ h as the underlying linear space, and whose Lie bracket satisfies

(X, Y] = n(X)Y,

forall X € gand Y € h. When 7 = 0, this simply becomes the natural direct product
of Lie algebras.
For two linear subspaces a,b C g, we put

[a,b] ={[X,Y] | X €a, YeEb} Cg.

If h C g is a linear subspace, then we say that b is a subalgebra of g if [h, h] C b, and
an ideal of g if [h,g] C h. Obviously every ideal of g is also a subalgebra of g. Lie
algebras are usually classified according to the following.

(i) The commutator series (g€)g>0 of g is defined by
k+1 _ [

=9, 9 g~ g").

The Lie algebra g is said to be solvable if g* = {0} for some k.
(i) The lower central series (g)r>0 of g is defined by
g0=0, Ok+1= [0, 0k
The Lie algebra g is said to be nilpotent if g = {0} for some k.



(iii) The Lie algebra g is said to be simple if g is non-abelian and has no proper
non-zero ideals.

(iv) The Lie algebra g is said to be semisimple if it has no non-zero solvable ideals.

Note that each nilpotent Lie algebra is a fortiori solvable and each simple Lie
algebra is a fortiori semisimple. Solvable and semisimple Lie algebras play an impor-
tant role in Lie theory. One of the reasons for this is the famous Levi decomposition
theorem, which roughly says that every finite-dimensional real Lie algebra is the
semidirect product of a semisimple Lie algebra and a solvable Lie algebra.

It is often convenient to represent Lie algebras as algebras of linear transforma-
tions. A linear representation of g on a linear space V' is a Lie algebra homomorphism
p:g— gl(V). The representation p is said to be faithful if p is injective. We note
that the underlying field of the linear space V' need not coincide with the underlying
field of the Lie algebra. For example, it is standard to represent the real Lie algebra
u(n) on the linear space C", so that u(n) becomes a real Lie algebra of complex
matrices. Ado’s theorem guarantees that every finite-dimensional Lie algebra (over
a field of characteristic zero, e.g. R or C) admits a faithful linear representation on
some finite-dimensional linear space V. Since finite-dimensional linear spaces are
unique up to isomorphy, we can always take the linear space V' to be R™ or C".

A notion that connects the algebraic nature of Lie theory with the geometric
nature of the theory of manifolds is that of Lie groups. A Lie group is a group (G, ),
where G is a smooth manifold such that the map

GxG3(pq)—pq'eq

is smooth. A standard example of a Lie group is the space Aut(V) of all automor-
phisms of a linear space V equipped with the composition operation. It is usually
called the general linear group of V, denoted by GL(V'). Another example is the
unitary group

Un)={zeC™" | z- 2" =1}

equipped with the matrix multiplication as its Lie group operation.

A map which is of particular importance in Lie group theory is the left translation
by p € G i.e. the diffeomorphism L, : G — G defined by L,(¢) = pq. A vector field
X on G is said to be left-invariant if X,q = (dLp),(X,) for all p,q € G.

Note that left-invariant vector fields are completely determined by their value
at one point, e.g. the identity element e € G. One can show that the commu-
tator bracket [X,Y] = XY —YX € C®(TM) of two left-invariant vector fields
X,Y € C®(TM) is again a left-invariant vector field. In particular, the study of
left-invariant vector fields and their commutator brackets can be restricted to the
study of tangents at the identity element e € G. Thus, the tangent space T.G at the
identity element e € G has a natural structure of a Lie algebra. This Lie algebra is
called the Lie algebra of the Lie group G. For example, the Lie algebra of the general
linear group GL(V') of a linear space V' is gl(V'), and the Lie algebra of the unitary
group U(n) is u(n).

By Lie’s third theorem, every real finite-dimensional Lie algebra is the Lie algebra
of some connected simply connected Lie group G. Furthermore, one can show that if



two simply connected Lie groups have isomorphic Lie algebras, then the groups them-
selves are isomorphic. Thus, there is essentially a unique correspondence between
real finite-dimensional Lie algebras and connected simply connected Lie groups.

One usually classifies Lie groups according to their Lie algebras, so that a Lie
group G is said to be solvable, nilpotent, simple, semisimple, respectively, if its Lie
algebra g is. A large part of this work is devoted to solvable Lie groups. One can
show that every connected simply connected solvable Lie group G of dimension n is
diffeomorphic to R™. This means that we will have a global coordinate system for
each solvable Lie group we work with.

If (G,-), (H,x) are Lie groups and p : G — Aut(H) is a smooth homomorphism,
then the semidirect product G %, H of G and H with respect to u is the Lie group
having G x H as the underlying manifold, equipped with the group operation

(9:7)(g",2') = (g ¢, hxu(g)h').

We note that the identity element of G x,, H is (e, en), where eq and ey are the
identity elements of G and H, respectively, and the inverse of an element (g, h) €
G x, H is given by

(g.h) " = (97" ulg™Hn ).

One can show that the Lie algebra of a semidirect product G x, H is g Xq; b, where
g and b are the Lie algebras of G and H, respectively, and i : g — fi(g) denotes
the differential of h — pu(g,h) evaluated at the identity. Conversely, given a Lie
algebra homomorphism 7 : g — Der(h) and assuming that G and H are connected
simply connected Lie groups, there is a unique p : G — Aut(H) such that Gx, H is a
connected simply connected Lie group with Lie algebra g, h. These facts combined
with the aforementioned correspondence between Lie algebras and Lie groups imply
that there is esentially a unique correspondence between (real finite-dimensional)
semidirect products of Lie algebras and semidirect products of connected simply
connected Lie groups.

It is convenient to represent Lie groups as matrix groups when possible. Anal-
ogously to representations of Lie algebras, a linear representation of a Lie group
G on a linear space V is a smooth group homomorphism II : G — GL(V). The
representation II is said to be faithful if II is injective. A faithful representation
IT: G — GL(V) of G on V induces the faithful representation dIl. : g — gl(V') of g
on V. However, it should be noted that a Lie group might not have a faithful linear
representation even if its Lie algebra does. The classical counterexample for this is
the universal covering of the special linear group SLo(R).

2.3 Riemannian geometry

A Riemannian metric g on a smooth manifold M is a smooth section of the bundle
T*M ® T* M assigning to each point p € M an inner product on the tangent space

T,M. In local coordinates (z1,...,xy,) on M, we have
n
o 0
g:iglgijdm@dwja 9ij :g<8xi’8xj> )



where the components g;; form a symmetric positive-definite matrix which is usually
also denoted by g, by an abuse of notation.

A Riemannian metric g enables us to define some classical differential operators
on (M, g) as follows.

(i) The gradient of a function ¢ € C1(M,R) is the vector field grad ¢ characterized
by
glgrad 6, X) = do(X) = X(¢), X € C=(T'M).

(ii) The divergence of a vector field X € C*(TM) is defined as the trace of the
linear map VX : Y — Vy X, ie.

divX =Tr, VX =) g(Vx, X, X;),
i=1

where X1, ..., X, is alocal orthonormal frame of T'M, and V is the Levi-Civita
connection of (M, g).

(iii) The Laplace-Beltrami operator (or tension field) T is the linear differential
operator defined for ¢ € C?(M,R) by

7(¢) = div grad ¢.

(iv) The conformality operator k is the bilinear differential operator defined for two
functions ¢, € C'(M,R) by

k(p,1)) = g(grad ¢, grad ).

The definitions above only concern real-valued functions and vector fields. How-
ever, for our purposes it will be more convenient to work with functions and vector
fields which take values in C. In view of this, we complexify the tangent bundle
by setting TCM = TM ® C, and we extend the metric to a complex bilinear form.
The definitions of the differential operators presented above then extend naturally to
complex-valued functions and vector field by requiring that the resulting operators
become complex linear (resp. bilinear). The gradient of a complex-valued function
¢ : M — C then becomes a section of the bundle T M, its tension field 7(¢) becomes
a complex-valued function on M, etc.

If Xq,...,X, is a local orthonormal frame of T M, then one easily sees from the
definitions that

n

T(0) =Y (X7(0) - Vx.Xi(9), k(o) = Xi(¢) Xi(v). (2.1)
=1

i=1
Alternatively, if (z1,...,x,) is a local coordinate system on M, we have the local
representations
1 "9 (. L) "L 0¢ O
[ — | gY+/det g —— = Y — 2.2
)= 77 2o 7 (svata gt ). o S 22



where g denotes the (i, j)-th component of the cometric, which can be identified
with the inverse of the matrix (g;;).
We note that the Laplace-Beltrami operator satisfies the product rule

(oY) =¥ 7(9) + 26(,0) + o 7(¥p), ¢, € C*(M,C).

Furthermore, if f is a holomorphic function defined on an open set containing the
image ¢(M) C C of ¢ € C?(M,C), then we have the chain rule formula

T(fo¢) = k(. 0) ["(8) + 7(0) ['(9).

If the function ¢ is real-valued, then it suffices to assume that f is a C?-function
defined on an open subset of R containing the image ¢(M).

Finally, let us recall some aspects of Riemannian Lie theory. A Riemannian
metric g on G is said to be left-invariant if

9q(Xq,Yg) = gpq((de)q(Xq)a (de)q(Yq))?

for all p,¢g € M and X,,Y,; € T;G. A Lie group G equipped with a left-invariant
Riemannian metric is said to be a Riemannian Lie group. There are several canonical
ways of equipping a Lie group with a left-invariant metric. In what follows we
discuss two ways which are used in this work. For simplicity we focus only on matrix
Lie groups i.e. Lie subgroups G C GL,(C). Note that a left-invariant metric is
completely determined by its values at a point. Hence, to define a left-invariant
metric on G, it suffices to choose an inner product g, on the Lie algebra g, since the
metric is by left-invariance determined at other points by

9p(Xp, Yp) = Qe((de—l)p(Xp)a (de—l)p(Yp)) = Qe(Pilvapilyp)‘

forallp e M and X),Y, € T,,G.
Possibly the most natural choice of inner product on the Lie algebra g C gl,,(C)
is the canonical inner product

9(Z, W) =Re Te(ZW*),  Z,W € g.

We can obtain a simplified formula for the Laplace-Beltrami operator with respect
to this metric. The Koszul formula for the Levi-Civita connection V on GL,(C)
yields

9(VzZ, W) = g(W, 2], 2) = ¢([Z, Z"], W).

Since the Levi-Civita connection on G is simply the component of VzZ which is
tangential to G, we see from the calculation above together with (2.1) that the
Laplace-Beltrami operator with respect to this metric satisfies

T(0) = > {Z2%(¢) - 2, 274(9)},

zZeB

where B is an orthonormal basis for g and [Z, Z*]|; denotes the orthogonal projection
of [Z, Z*] onto g. This becomes particularly convenient when the orthonormal basis



B of g can be chosen so that each of its elements Z € B is either Hermitian or
skew-Hermitian, since in this case [Z, Z*] = 0, and the formula for 7 simplifies to

(¢) =Y Z%(¢)

zZeB

On the other hand, when one is working in a coordinate system = = (x1,...,zy)
around the identity element e € G, there is another more natural choice of inner
product on g. We assume without loss of generality that 0 € R™ corresponds to
e € GG in this system. Then we see that the partial derivatives

X, = S
8.%’ 0 g

form a basis for g. In this case it is natural to define an inner product on g by
requiring that this basis becomes orthonormal on g i.e. that

where d;; is the Kronecker delta. In this case we can obtain a nice formula for
the resulting left-invariant metric in the coordinates (x1,...,z,). Throughout the
calculations we let p € G correspond to the point z = (z1,...,2,) in the coordinate
system. For 1 <7 < n we can write

! 0
le

ZMm Xk,

for some smooth coefficients My; = M (x); which form an n x n matrix M = M(x).

Then we see that
9 0N (L0 L0
g 83@’8@3 p_g 2 8@ p’p 6xj p

=Y My My g(X, X))
k=1

= My; My; = (MT M),
k=1

so that the resulting left-invariant metric in the coordinates x = (x1,...,x,) is given
simply by
T
g=M(z)" M(z).

10



Chapter 3

p-Harmonic Functions on
Riemannian Manifolds

In this chapter we introduce the notion of p-harmonic functions on Riemannian
manifolds. We then present a general method of constructing p-harmonic functions
using isoparametric functions. This method will then be used extensively throughout
the thesis to generate new examples of p-harmonic functions.

3.1 p-Harmonic functions

As discussed in the introduction, the Laplace-Beltrami operator provides us with
a natural generalization of the classical Laplacian to Riemannian manifolds. The
classical p-harmonic equation

AP¢p =0
therefore also generalizes naturally to the Riemannian setting.

Definition 3.1.1. Let (M, g) be a Riemannian manifold and let p be a positive
integer. The iterated Laplace-Beltrami operator 77 is the linear differential operator
defined inductively by

(¢) =0, () =717} (9)),

for ¢ € C?P(M,C). The function ¢ is said to be p-harmonic if

(9) = 0.
If ¢ is p-harmonic but not (p — 1)-harmonic, then ¢ is said to be proper p-harmonic.

Remark 3.1.2. Since the Laplace-Beltrami operator 7 is an elliptic differential op-
erator, it follows that 7P is as well, so that any p-harmonic function is automatically
smooth.

Some authors prefer to call such functions polyharmonic of order p. We note that
1-harmonic functions coincide with harmonic functions. The functions which are 2-
harmonic are usually called biharmonic, 3-harmonic functions are called triharmonic
etc. Observe that a function ¢ is proper p-harmonic if and only if 7(¢) is proper

11



(p — 1)-harmonic, in other words, if and only if 77~!(¢) is a non-zero harmonic
function. Finally, let us observe that if a function ¢ is p-harmonic, then it is also
r-harmonic for any 7 > p. Hence, one is usually interested in finding functions which
are proper p-harmonic.

3.2 Isoparametric functions and p-harmonic functions

In this section we develop our workhorse for constructing p-harmonic functions on
Riemannian manifolds. This method relies heavily on the existence of the following
type of functions.

Definition 3.2.1. Let (M, ¢g) be a Riemannian manifold. A smooth complex-valued
function ¢ : M — C is said to be isoparametric on M if there exist holomorphic
functions ®, ¥ : U — C defined on some open set U C C containing ¢(M), such that
the tension field 7 and the conformality operator x satisfy

(@) =Pod and w(4,¢)=Tod.

Classically, isoparametric functions are assumed to be real-valued, and weaker
regularity assumptions such as continuity or smoothness are imposed on the func-
tions ® and W. This class of functions has been extensively studied due to their
beautiful geometric properties, see e.g. [43], 42, 38]. In fact, it has been shown in
[43, [6] that in the classical case, a real-valued function is isoparametric if and only if
its regular level sets are parallel and have constant mean curvatures. Complex-valued
isoparametric functions have not been considered in such great detail to our knowl-
edge, the only exception being the paper [4], in which the author studies complex-
valued isoparametric functions on R3, though without requiring that ® and ¥ are
holomorphic. Our Definition therefore seems to be new.

Isoparametric functions have already been considered in the context of bihar-
monic analysis on Riemannian manifolds in the paper [6]. In it, the authors observe
that if ¢ : M — R is isoparametric, then the chain rule gives

T2(¢) = 7(® 0 ¢) = k(¢, §) () + T(¢) '(¢) = (VD" + & D) 0 ¢.

As a consequence, they conclude that an isoparametric function is biharmonic if and
only if the functions &, ¥ satisfy the differential equation

Uo" + 09’ = 0.

This observation allows them to demonstrate how one can deform the metric g on the
Riemannian manifold M to a new metric g with respect to which the isoparametric
function ¢ is biharmonic. The method that we are about to present is similar in
nature, but the upshot is that we are able to construct proper p-harmonic functions
with respect to a fixed metric g, regardless of how the functions ® and ¥ are related.

Suppose that ¢ : M — C is a complex-valued isoparametric function in the sense
of Definition 3.2.1l The idea is to first construct a harmonic function of the form
f10¢, where fi is holomorphic, and then to inductively construct proper p-harmonic
functions of the form f, o ¢, where f, is holomorphic, by requiring that

T(fpod) = fo109, P> 1. (3.1)
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The chain rule implies that
T(fpo @) = k(. 8) f(¢) + 7(9) f,(8) = (¥ f + @ f) 0 &,
so that is equivalent to the elementary complex ordinary differential equation
Ufy+@fy = fp,
which can easily be solved. More explicitly, this results in the following.

Theorem 3.2.2. Let (M, g) be a Riemannian manifold, and let ¢ : M — C be a
complez-valued isoparametric function on M with

T(¢) =Po¢ and k(),¢) =Voo,

for some holomorphic functions ®,V : U — C defined on some open set U C C
containing ¢(M). Suppose that one of the following situations holds.

(i) If @ vanishes identically, let U be an open simply connected subset of U\ d-1({o}),
and define the holomorphic functions f, : U — C for p > 1 by

e =c( [ qj%)l ,

(ii) If U does not vanish identically, let U be an open simply connected subset of
U\e'({0}), put

A(z):exp<—/Z$E8dC>, zeU,

and define the holomorphic functions f, : U—C forp>1by

where ¢ € C\ {0}.

e =a [ AQ ¢t e,

_ ‘ K fpfl(C)
o) = [ A [ s dcan v,

where ¢ = (c1,cy) € C2\ {0}.
Then in both cases, the composition
fpod:97(U) = C
1s proper p-harmonic on its open domain qb_l(U) i M for all p > 1.

Remark 3.2.3. If the isoparametric function ¢ is real-valued, then one can weaken
the assumptions in Theorem [3.2.2] by only requiring that ® and ¥ are smooth func-
tions of a real variable, and U can be taken to be subset of the real numbers which
need not be simply connected. The requirement that Uis simply connected in the
complex-valued case is needed to ensure that the holomorphic antiderivatives are

well-defined.
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Proof of Theorem[3.2.9. The result can be obtained by solving the differential equa-
tions described before the statement of the theorem. For simplicity, we verify the
result by direct differentiation.

Suppose first that ¥ vanishes identically. Then for any p > 1, we see that

o ¢ (7 dC N\ fo(2)
fp(z)—(p—l)qw(/ ‘I)(C)> =({-1) o(2)°

Thus, the chain rule for the Laplace-Beltrami operator gives

T(fpo @) = k(8. 8) f; (¢) + () f,(8)
= V() 5 () + 2(¢) f(¢) = (p — 1) fp-1(0),

and the result follows immediately by induction since f; is a non-zero constant.
Now suppose that ¥ does not vanish identically. Then we observe that

@(2)

fiiz)=A(2) and f{(z)=N(z)=—

so that the chain rule for the Laplace-Beltrami operator gives

®(2)
U(z)

T(frod) = U(9) f(0) + 2(4) f(¢) = —¥(¢) A(¢) + ®(0) A(d) =0,

which shows that f; o ¢ is indeed proper harmonic on M. Now observe that, for
p > 1, we have

) =) [ g, and
] 2) = / P z fp—l(o P fp—l(z)
P& =86 [ xgeg T P Re e
_ (I)(Z) Py ‘ fp—l(C) fp—l(z)
e R AV TS AR TC
It follows by the chain rule that
T(fpo @) = V(9) £, (8) + (9) f,(¢)
@ @
——a(@)A0) [ {50 ac s o)+ e ) [ 5 A
= fp*l(éf)),
from which the result follows by induction, since fi o ¢ is proper harmonic. 0

The functions f, in case (ii) of Theorem do not seem to have a nice closed
form in general i.e. it does not seem that one can avoid defining them inductively.
However, as we will see throughout this thesis, it often turns out that the functions
furnished by the theorem are of the form

= fp(d(x)) = h(¢($))p_1f1(¢(x)) + (p — 1)-harmonic terms,

for some holomorphic function h. The (p — 1)-harmonic terms will usually be dis-
carded, for simplicity.
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Example 3.2.4. To see Theorem in action, let us use it to construct proper
p-harmonic functions on some classical Riemannian manifolds. We consider mani-
folds M which are open subsets of R? \ {0} equipped with the radially symmetric

Riemannian metric
_dr®dr+dy®@dy

gp - 9
p(V#* +y?)

where p is a smooth positive function defined on (0,00). Note that these manifolds
include (subsets of) the classical two-dimensional manifolds of constant curvature.
Indeed:

(i) If p=1and M = R? )\ {0}, this is simply the flat two-dimensional Euclidean
space minus the origin;

(ii) If p(s) = (1 + s?)2/4 and M = R?\ {0}, we obtain the two-dimensional punc-
tured sphere minus the origin;

(iii) If p(s) = (1 — s?)2/4 and M = Dy \ {0} where D; denotes the unit disk, we
obtain the two-dimensional hyperbolic disk minus the origin.

It is easy to see that the Laplace-Beltrami operator and the conformality operator
on the Riemannian manifold (M, g,) satisfy

7(¢) = p(Va? +3*) Ad,  k(9,¥) = p(vV2* +y?) (Vo, V),

where A and V are the Laplacian and the gradient of flat R?, and (-,-) denotes the
canonical inner product of R2.
Now consider the real-valued function ¢ : M — R given by

o(z,y) = Va* +y?,

Then an elementary calculation shows that

T(¢) = —= and £(¢,9) = p(9),

so that ¢ is isoparametric on M. This unlocks Theorem [3.2.2] which we will now
use to construct a class of proper p-harmonic functions on M.

Since ¢ is real-valued, we may assume that the functions from the Theorem [3.2.2
are functions of one real variable. In the notation of Theorem [3.2.2] we have

2(s) = 22 and w(s) = p(s),

and we see that we may take the set U to be the positive real axis (0,00). The
function A is given by

A(s) = exp (— | & d<> — cxp(~ log(s)) = .

which yields
5d
fi(s) = cl/ CC + co = ¢1 log(s) + co,
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as well as

PPl
o= [ [ dcan

It therefore follows from Theorem [3.2.2] that the function

(z,y) — c1log Va? +y? + e

is proper harmonic on M, and

VERE L ¢ fpa(C)

is proper p-harmonic on M for p > 1.
If p = 1, then one can compute that the proper p-harmonic function above is
given by
(z,y) = c1(2® + 4P og Va2 +y2 + ea(a® + )P,

which is also well-known to be p-harmonic by Almansi’s Theorem [3]. For the other
two aforementioned cases, namely the punctured sphere and the hyperbolic disk,
the functions f, do not seem to have a simple closed form. However, if one sets
c1 = 0,co = 1, then after a simple calculation of the integrals one obtains the
biharmonic functions

(2.y) > {log(l + (:U2 + y2))7 if p(s)=(1+ 32)2/4
; log(1 — (22 +y2)), if p(s) = (1—s2)2/4

That these functions are biharmonic on the corresponding Riemannian manifold
(M, g,) is well-known, see [19]. A
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Chapter 4

Eigenfunctions on Riemannian
manifolds

This chapter is based on the paper [27]. We apply Theoremto a particular class
of isoparametric functions called eigenfunctions, and thus show how to construct
proper p-harmonic functions using eigenfunctions. We then present examples of
eigenfunctions on the important classical semisimple Lie groups SL,(R), SO(n),
SU(n), Sp(n), SO(p,q), SU(p,q), Sp(p, ), Sp(n,R), SO*(2n), and SU*(2n).

4.1 Eigenfunctions and p-harmonic functions

We start by defining eigenfunctions on Riemannian manifolds.

Definition 4.1.1. [27] Let (M, g) be a Riemannian manifold. A smooth complex-
valued function ¢ : M — C is said to be an eigenfunction on M if there exist
constants A, p € C with

7(¢) =A¢ and kK(¢,¢) = ug”.

In particular, observe that every eigenfunction is a fortiori isoparametric, in the

sense of Definition B.2.11

Example 4.1.2. Equip the manifold M = R?\ {0} with the radially symmetric
Riemannian metric

_dr®@dr+dy®@dy
N z? 4+ y? '
Then the function ¢ : M — R defined by

¢(z,y) = Va* +y°

is an eigenfunction on M satisfying

7(¢) =¢ and k(0,p) = ¢°. A

A closely related concept is that of eigenfamilies, namely collections of smooth
complex-valued functions on M such that there exist constants A, u € C with

7(¢) = A¢ and k(9. V) = pey,
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for all ¢, belonging to the collection. Clearly every element of an eigenfamily
is an eigenfunction. Eigenfamilies were introduced in [23] by Gudmundsson and
Sakovich. In the same paper, the authors construct examples of eigenfamilies on
classical semisimple Lie groups. Eigenfamilies have turned out to be very useful for
the construction of harmonic morphisms on Riemannian manifolds, see [23], 24]

We are now ready to state the main result of the paper [27].

Theorem 4.1.3. [27| Let ¢ : (M,g) — C be a complez-valued eigenfunction on a
Riemannian manifold such that the tension field T and the conformality operator k
satisfy

(@) = Ao and K($,¢) = pug”

for some A\, € C. Define the holomorphic functions f,: C\ (—o0,0] — C by

c1log(z)P71, if u=0, A#0
fo(2) = { c1log(2)?P~1 + calog(2) %P2, if w#0, A=p
c12' i log(2)P ! + ealog(2)P Y, if w0, A A p

where c1,co € C are arbitrary but such that f, does not vanish identically. Then the
composition
frod:W={zeM | ¢(x) ¢ (—00,0]} = C

s proper p-harmonic on its open domain W in M.

Remark 4.1.4. Here log : C\ (—00,0] — C is the holomorphic principal logarithm
and

2% = exp(alog(2)).

Proof. Throughout the proof, we use the notation as in Theorem [3.:2.2] We see that
the holomorphic functions ®, ¥ : C — C satisfy

D(z) = Az, U(z) = pz’.

Furthermore, ®~1({0}) = ¥~1({0}) = {0}, so we may select our simply connected
domain U to be the slit plane C\ (—oo, 0] in all three cases. To complete the proof
of the result, we must only calculate the antiderivatives from Theorem [3.2.2

If 4 = 0 and A # 0, then W vanishes identically, so that the holomorphic functions
fp: C\ (—00,0] = C are given by

z p—1
e =c([5) =gty

for an arbitrary constant ¢ € C\ {0}, and the result follows.
Now consider the case p # 0 and u = A. Then it follows that the function
A:C\ (—00,0] = C is given by
1
A(z) = exp (= log(2)) = —,
and so f1 : C\ (—o0,0] — C satisfies
*d
filz) = cl/ CC + o = 1 log(z) + ca,
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for arbitrary ¢ = (c1, co) € C2\ {0}, which shows that the result holds for p = 1. For
the induction step, we assume that f, has the claimed form, in which case

fpn(z / / (e1108(0)% 1 + ez log(¢)?~2) dC dy

(6] z 1 2m—1
=— log( )?P dn + / — log(n)®~" dn
2pu n (2p—DuJ n
1 2p+1 €2 2
= —————log(2)?""" + ——————log(2)*
2p(2p + p (=) 2p(2p — Np (=)

so that the induction principle gives the claim.
Now finally suppose that p # 0 and p # A. The function A : C\ (—o00,0] — C is
then given by

A _2
A(z) = exp <— log(z )) z m.
o
Hence, the function f; : C\ (—o0,0] — C satisfies

Z A A
fi(z) = cl/ Crdl+c= clzlfﬁ + cg,

so that the result holds for p = 1. To prove the induction step, we will use the fact
that, for any v € C\ {—1} and non-negative integer n,

[ erton(@rdc ==Y aylog(ay
=0

for an appropriate choice of non-zero constants a; € C. This follows easily by
induction on the exponent n and integration by parts (alternatively, see item 2.722
of the useful collection [I7]). Returning to our main proof, we proceed by strong
induction i.e. we assume that the functions f1,..., f, have the required form. Then

z N (/SN N
fri1(2) = / no / Cr 2 (er ¢ log(C)P T + eg log(C)PTY) ¢ dn

z -1 z
_a n_%log P dn+ co Z / —log(z)? dn
p

log ]+17

P
A
:%zl_ﬁ Zbilog “I‘CQZ
i=0 —0/

where the constants b;, a; are appropriately chosen. Now the terms with ¢ < p and
j < p—1will be p-harmonic after pulling back by ¢ by the induction hypothesis, so
we may discard them for simplicity. Thus, after modifying the constants we obtain

_A
fpri(2) = e12' 7 log(2)? + s log (=),

which completes the proof. O
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4.2 Eigenfunctions on classical semisimple Lie groups

In this section we will show that many of the classical semisimple Riemannian Lie
subgroups of GL,,(C) admit proper p-harmonic functions. To achieve this we will
construct eigenfunctions on these groups, since this unlocks the construction fur-
nished by Theorem [£.1.3]

Let us recall the definitions of some of the classical semisimple Lie groups, before
listing the eigenfunctions in Table [I.I] First, we fix our notation. We denote the
n X n identity matrix by I,, and we also use the standard notations

0 I, -1, O
= I,,= P .
Tpa [_Iq 0] Lo { 0 IQ]
In Table and throughout this section, we interpret the vectors as row vectors, so
that if a,v € C*, then aTv is an n x n matrix with entries a;vj. We also put

CP ={(z,w) €CP xCY | w=0}, CI={(z,w)eCPxC?|z=0}.

The Lie groups in this section are all assumed to be equipped with the left-
invariant Riemannian metric induced by the canonical inner product

g(Z, W) =Re Tr(ZW™)
on the Lie algebra gl,,(C). We will consider the well-known special linear group
SL,(R) = {z € GL,(R) | detx = 1}.

Moreover we will consider the important generalized orthogonal, unitary, and quater-
nionic unitary Lie groups O(p, q), U(p, q), Sp(p, q), which are defined as the groups
of linear transformations on RPT4 CP*4 HP'Y, respectively, preserving a bilinear (or
Hermitian) form induced by I, ,. More precisely,

O(p,q) = {7 € GLp+q(]R) | - Ipg- zt = p7q}v
U(p,q) = {2 € GLp(C) | z- L 4- 2" = I},
Sp(p,q) ={q € GLyyq(H) | ¢ Lpg-q" = Ipg},

and we also put

SO(p, q)
SU(p, q)

We note that their classical counterparts O(n), U(n), Sp(n), SO(n), SU(n) can be
seen as degenerate cases, in the sense that

O(p,q) N SLP—Fq(R)’
U(p,q) N SLp+q(C)-

O(n) = O(n,0) = O(0,n),

and analogously for the other groups. For the quaternionic unitary group Sp(p,q)
we use the standard complex representation of GL,4(H) in C2(r+9)x2(r+4) given by

(z +jw) = q= [_Zw 15] :

20



We will also consider the symplectic group
Sp(naR) = {q € SLQn(R) ‘ q- Jn,n : qT = n,n}-

Note that every element ¢ € Sp(n,R) can be represented as

r Yy
q= |:Z w:| s
for some matrices x,y, z, w € R"*™. Finally, we will consider the Lie groups

SO*(2n) ={¢eSUn,n) | q¢-Inn- Jnn- gt = Inn - Jnnt,
SU*(2n) = U*(2n) N SLy, (C),

where

U*(2n) = {z+jw = [_Zw ﬂ | zw e GLn(C)}.

Note that for any element ¢ € SO*(2n), we have a unique representation

where z,w are n X n matrices.

Having recalled the definitions of these classical semisimple Lie groups, we are
ready to present examples of eigenfunctions on these Lie groups. We gather these
examples in Table [£.I] The rest of this section is devoted to studying these eigen-
functions and their tension field and conformality operator in more detail. Note
that the eigenfunctions in Table [£.1] are homogeneous first degree polynomials of the
coordinate functions of the Lie groups. More precisely, for a Lie group G C GL,,(C)
the coordinate functions are given for 1 <4,7 < n by

GBZ'—)ZZ‘jEC

where z;; is the (4, j)-th entry of the matrix z € G expressed in the canonical or-
thonormal basis of C", and the functions in consideration are of the form

(25(2) = Z Aijzij = TI‘(AZT)

ij=1

for some matrix A € C™"*™. Observe that by the linearity of the Laplace-Beltrami
operator we have

7(¢) = Z Aij (2i5),

1,j=1

while by the bilinearity of the conformality operator we have

k(p,9) = Z A A 5(2i5, 2k1)-

,7,k,1=1
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Lie group Eigenfunction ¢ 7() k(, ) Conditions

SL,(R)  Tr(AzT) n=1g — 12 AeCmm, AAT =
SO(n) Tr(aTvaT) 7"7_1 10) f% ? a,v € C", v isotropic
2
SU(n) Tr(aTvz"™) —n=lg — 1=l g2 a,veC"
Sp(n) Tr(aTvzT + aTuw™) —2ntl g —3 ¢ a,v,u € C"
SO(p,q)  Tr(aTvz™) =2t —3¢* a€C" veCl,visotropic
Tr(aTva™T) % 1) —2¢* a€C", veC} visotropic
SU(p,q) Tr(aTvzT) q2;5i+1 1) —p';igl ? aeC" veCy
Tr(aTvz") p2;_‘~1_2q+1 10) fp:_‘f_gl @? aeC" veCl
Sp(p, q) Tr(aTvzT + aTuw™) —% o) —1 42 aeC" v,ueCl
Tr(aTvzT + aTuw™) —w o —3 ¢ a€C" v,ueCl
Sp(n,R)  Tr(aTwv(z +iy)T) 3 —1 ¢ a,v € C"
Tr(aTv (2 +iw)7T) 1¢ —1 2 a,veC”
SO*(2n)  Tr(aTvzT) —30 —1 2 a,veC”
Tr(aTvwT) —10 12 a,v € C"
SU*(2n) Tr(A2T + BwT) —2ntl g -5 ¢* A,BeCv" ABT = BAT

Table 4.1: [27] Eigenfunctions on classical semisimple Lie groups.

Thus, to compute 7(¢) and (¢, ¢), it suffices to calculate 7(z;;) and k(zij, zx1).
Conveniently, the Lie algebra g of each of our Lie groups admits an orthonormal
basis B consisting of matrices which are either Hermitian or skew-Hermitian, which
unlocks the simplified formula for the tension field, as discussed in Section [2.3] Note
that if Z € g, then

Ziew) = 5| B2 = ()5,
2
ACHE az|, (2Exp(Zt))ij = (22%)ij.

In particular, we see that for 1 < 4,3, k,l < n, the Laplace-Beltrami operator on G

satisfies
T(Zij) = Z Z2(Zl'j) = (Z Z Z2> 5

zZeB zZeB

iJ
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and the conformality operator satisfies

K(zig z) = Y Zzig) Z(zw) = Y (22)i5 (22 = ( {ZZ } ) ;
ik

zZeB zZeB zZeB

where Ej; denotes the n x n matrix satisfying
(Ejt)ap = 6ja 01,

i.e. the matrix E; has 1 on the (j,1)-th position and zeroes elsewhere. Thus, the
calculations of the tension field and the conformality operator of the coordinate
functions of the Lie group reduce to the computation of the sums

> 7* and > ZEyZ

zZeB ZeB

Let us demonstrate some details of these calculations for the Lie group SU(n).
The calculations for the other Lie groups of course follow the same pattern, see
[23] 24] for the details. Note that, to calculate the tension field and the conformality
operator of the coordinate functions on SU(n), it suffices to calculate them on U(n).
To see this, we let 7, k and 7, & denote the tension field and the conformality operator
of SU(n) and U(n), respectively. The matrix

W:\/iﬁIneu(n)

is of unit length and generates the orthogonal complement of su(n) in u(n). Thus,
if B denotes any orthonormal basis for su(n), then B = BU{W} is an orthonormal
basis for u(n). Given any two smooth functions ¢, : U(n) — C, we therefore see
that their restrictions to SU(n) (which we denote by the same letters) satisfy

=" 2%(¢) = Y Z2(6) — W2(d) = 7(¢) - W2(9),
ZEeB ZEB
and
=" Z2() Z(¢) = Y Z(¢) Z(vp) — W(¢) W (¥)
ZeB ZeB

= (¢, 9) = W() W(¢).

In particular, if ¢(2) = 2;; and ¢(2) = 2 for 1 < 4,4, k,1 < n, these relations become
. 1 ) 1
7(2ij) = 7(2j) + ~zij, and - Kz, 2m) = B(2ig, 20) + 2i 2 (4.1)

Now to calculate 7(z;;) and A(z;j, zx), we recall that the Lie algebra of U(n) is given
by
u(n) ={Z egl,(C) | Z+ Z* = 0}.

In order to construct an orthonormal basis for this Lie algebra, we define the n x n
matrices

1
(Ers - Esr)a Dt = Ett7

Xps = 7(Ers + Esr) Y,s = ﬁ

g
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for 1 <r <s <nand1l <t < n. Note that the matrices X,s and D; are
Hermitian, and the matrices Y, are skew-Hermitian. These matrices induce the
canonical orthonormal basis for the Lie algebra u(n) given by

B={YiXps | 1<r<s<n}U{iD, | 1 <t<n}.

Using the identities discussed in Appendix we thus see that

o= > Vi > st—tzn;sz—nfm

zZeB 1<r<s<n 1<r<s<n
and
n
T T T T
Y ZEuZ'= Y YuEpY,E- Y XEyXL-> DE;D =-E;
ZeRB 1<r<s<n 1<r<s<n t=1

It follows that, on U(n), we have
%(Zij) = —’I”LZZ‘j, and I%(Zij, Zkl) = —(ZEljZT)ik = —zilzkj.
In view of (4.1)), this implies that on SU(n),

n? —1 1
T(Zij) = —771 Zij, and Ii(zij, Zkl) = —zilzkj + ;Zijzkl.

Finally, to obtain the relations from Table {4.1|for the case of SU(n), we consider
the corresponding function ¢ : SU(n) — C given by

n

#(z) = Tr(aTvzT) = Z a;ivjzij,

3,7=1

where a,v € C. Then we obtain

T(¢) = ZCLi’UjT(Zij) = _nzaivjzij — _n¢7
tj

ij

k(p,¢) = Zaz‘vjakvz K(Zij, 2ki)

ijkl
1
= — Z a;V1Z1 Z a;VEZ5k + E Z V525 E ARV Zkl
4l jk i kl
1 n—1
2 2 2
= ¢+ "=,

which confirms the result.
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Chapter 5

Semidirect products R x R"™ and
R™ x H2H

In this chapter is we study the Lie groups R™ x R” and R x H>**! where H>"*! de-
notes the (2n+1)-dimensional Heisenberg group. We start the chapter by motivating
our interest in studying such Lie groups. We then provide linear representations of
such semidirect products and calculate the canonical left-invariant Riemannian met-
ric for the respective representations, cf. end of Section [2.3] Finally, we construct
p-harmonic functions on these Lie groups.

Throughout this chapter, we will denote by t"™ the n-dimensional abelian Lie
algebra i.e. the Lie algebra of the Lie group (R", +).

5.1 Low-dimensional Lie algebras and Lie groups

Low-dimensional Lie groups, particularly of dimension three and four, are of great
importance in physics. Probably most notably, such Lie groups are used as mod-
els of spacetime in the theory of general relativity. It is therefore not surprising
that the low-dimensional Lie groups have already been studied in the context of
(semi-)Riemannian geometry, see for example the papers [2, [36] [10]. Conveniently,
low-dimensional connected simply connected Lie groups can be classified into disjoint
non-isomorphic classes. As there is a bijection between real Lie algebras and con-
nected simply connected Lie groups, this amounts to classifying the real Lie algebras
of the corresponding dimension. Bianchi classified the three-dimensional real Lie
algebras in his 1918 paper [§]. Nearly half a century later in 1963, Mubarakzyanov
presented the first complete and correct classification of the four-dimensional Lie
algebras in his work [35]. Today, the classification of real Lie algebras of dimension
less than or equal to six is well-known, and can be found in the recent book [41].
The reader interested in more details about on the history of the classifications can
find them in [37].

The study conducted in this thesis was initially meant to be a study of p-harmonic
functions on the four-dimensional connected simply connected Lie groups. For our
purposes, only the Lie groups whose Lie algebras are indecomposable i.e. not direct
products of lower dimensional Lie algebras, are of interest. The reason for this is that
the Lie groups whose Lie algebras are decomposable are themselves direct products
of lower dimensional Lie groups, and the theory of p-harmonic functions on product
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manifolds is well-known, see e.g. [19]. Now let us briefly analyze the three- and four-
dimensional real Lie algebras. The classifications that we use can be found e.g. in
the papers [37, 9], and are presented here in Tables and We include only the
indecomposable Lie algebras for simplicity. We note that the Lie bracket relations
in these tables differ from the ones in the aforementioned papers by a minus sign, in
the sense that we replace the basis element E3 by —Ej3 in Table 5.1 and E4 by —E4
in Table This will reduce the number of minus signs later without affecting the
validity of the classification.

Observe from Table @ that for the Lie algebras g3.1,..., g% 5, the basis elements
E; and F3 commute and hence form a copy of the abelian Lie algebra v?. Further-
more, the adjoint mapping adp, acts as a derivation on the Lie algebra spanned by
E; and E5. Hence these Lie algebras are in fact semidirect products ¢ x t2. By the
same token, a quick inspection of Table [5.2] reveals that the first six Lie algebras
g4.15 - - - 046 are semidirect products of the form tx 3, the Lie algebras g4.7, g4.8, 94.9
are semidirect products of the form tx h3, where h3 is the nilpotent three-dimensional
Heisenberg algebra. Finally the Lie algebra g4.1¢ is a semidirect product of the form
t2 x v2. Now it is well-known that if G and H are connected simply connected Lie
groups with Lie algebras g and b, respectively, then the semidirect product gx b is the
Lie algebra of a unique semidirect product of the corresponding Lie groups G x H.
In particular, this implies that the simply connected four-dimensional Lie groups,
whose Lie algebra is indecomposable, are semidirect products of the form R x R3,
R? x R?, and R x H?, where H? denotes the three-dimensional Heisenberg group.
These are indeed specific cases of the semidirect products that we will consider.

This motivates our interest in studying the more general Lie algebras which are
semidirect products v x " and t™ x  h2" 1, as well as the corresponding connected
simply connected Lie groups R™ x R™ and R™ x H2"+!,

Lie algebra Parameters Lie brackets, basis {E1, Fa, E3}

g3.1 = b3 [Es, Eq] =0, (B3, Es] = Ey, [Eo, E1] =0
93.2 [E3, 1] = Ey, (B3, Eo] = By + By, [Ey, E1] =0
93.3 [E3, E1) = Eq, [Es, B3] = Es, [E, E1] =0
93.4 ae [-1L,1)\{0} [Es E1] = En, [Es, Ep] = aky, [E2, Er] =0
935 a>0 [E3, B1) = aE1 — By, [E3, Ey] = E1+aFs, [Ey, E]=0
g3.6 = sl2(R) [E5, E1] = 2E5, [Es5, Es] = Es, [Eq, E1) = —F4
gs.7 = su(2) [E3, Eq] = —Exs, [Es, Es] = Ey, [Es, E1] = —E5

Table 5.1: [37] The (indecomposable) three-dimensional Lie algebras
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Lie algebra Parameters Lie brackets, basis {F1, Ea, E3, E4}
[E4, E1] =0, [E4, Eo) = En, [E4, B3] = E»,
g4.1
[E3a El] - 07 [E37 E?] = Oa [E27E1} - 0
N 40 [E4, 1] = aFy, [E4, B3] = Es, [E4, B3] = By + Es,
9412 «a
[E3, E1] =0, [E3, E»] =0, [Ea, E1] =0
[E4; El] = E17 [E47 EQ] = 07 [E47E3} = EQ;
g4.3
[E3, E1] =0, [E3, E»] =0, [E2, E1] =0
[E4, En] = En, [E4, B3] = Eq + Es, [E4, B3] = By + Es,
g4.4
[E3, E1] =0, [E3, E») =0, [Ea, E1] =0
b By 20 [Ey, E1] = aFn, [Ey, Eo] = BEs, [Ey, E5] = vE3,
94. apy
v [Es, Ey] =0, (B3, Bs) = 0, (B2, E1] =0
af a > 07 [E4a El] - OéEl, [E47 EQ] = 5E2 - E3) [E47E3} = E2 + ﬁE37
94,
0 BeR [E3, E1] =0, [E3, E») =0, [E2, E1] =0
[E4, Er] = 2E4, [Ey, Es] = Es, [E4, B3] = Ea + Es,
ga.7
[E33E1] = 07 [E37E2] - _E17 [E27E1} - O
N € [-1.1] [E1, E1] = (1 + a)Ey, [E4, By = Ey, [E4, B3] = abs,
918 a e [—1,
[E37E1] = 07 [E37E2] = _E17 [E27E1} =0
N -0 [E4, B1] = 20y, (B4, Bo] = alls — E3, [Ey, E3] = Ea + aEs,
949 a =z
[E3, E1] =0, [E3, E») = —F1, [E2, E1] =0
[Es, E1] = —Fs, [Ey, Bs] = By, [Ey, E3] =0,
g4.10
[E3, 1] = —F\, [E3, Ep) = —E», [E2, E1] =0

Table 5.2: [37] The (indecomposable) four-dimensional Lie algebras
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5.2 Semidirect products R” x R"

Throughout this section, m and n will be positive integers. Unless otherwise spec-
ified, the indices i, j are always assumed to take values between 1 and n, while the
indices k,[ take values between 1 and m.

We begin by considering Lie algebra semidirect products t X, t™ with respect
to a homomorphism 7 : t™ — Der(x") = gl,(R). Observe that since v is abelian
and 7 is a homomorphism, the image algebra m(t") is an abelian subalgebra gl,,(R).

Let us find a linear representation of such semidirect products. By definition, the
Lie brackets on the semidirect product ™ x, t™ are given by

n
=1
where {T1,...,T,,} and {X,..., X,,} are abstract bases for t* and t", respectively,
and the homomomorphism 7 is defined by

ﬂ'(Tk) = Ak

for some family A = (Ay)7; C R™*" of matrices expressed in the basis { X1, ..., X, }.
Observe that the matrices Ay commute since the image 7(¢™) is abelian. Aiming to
find a linear representation of T}, and X; for which these relations hold, we consider
the (n + 14 m) x (n+ 1+ m) matrices

Ak 0 0 On €; 0
T, =0 0 0], X;=1(10 0 0],
0 0 Dy 0 0 Opm

where Dy are the m x m diagonal matrices with 1 on the k-th position of their
diagonal and zeroes elsewhere, and e; € R™ are the canonical unit column vectors.
Observe that the block involving the matrices Dy ensures that the matrices T}, are
linearly independent, even if the matrices Ay are not. An elementary calculation
shows that the commutator relations indeed hold, so that the matrices Ty, X;
induce a faithful representation of the semidirect product t™ x t™.

Note that every Lie algebra of type t"" x ;t™ is solvable. Hence, the corresponding
simply connected Lie group R™ x, R", where p : R™ — Aut(R") is the action
uniquely determined by 7, will be diffeomorphic to R™ x R™. Aiming to find such a
diffeomorphism, we consider the mapping

R™ x R™ 3 (t, .%') — EXp (Zz XvZ ac,) . EXp (Zk Tk tk)

Exp (3 ), Akte) @ 0
- 0 1 0 , (5.2)
0 0 Exp (> Drtr)

which is indeed a diffeomorphism onto its image, since

et 0 0
) 0 €2 ... 0

Exp (3.4 Ditr) = Exp(diag(t)) = | . . e (5.3)
0 0 etm
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A simple calculation confirms that the image of the mapping (5.2)) is indeed the
semidirect product R™ x, R™, where the action p : R™ — Aut(R") is given by

p(t) = Exp Qo Ak tr) -

This means that in this representation we may view the semidirect product R x ,R™
as the space R™ x R"™ equipped with the group operation

(t,z) (s,y) = (t+ s, 2+ p(t)y).

Note that the action p is completely determined by the family A = (Ay)}",, so it is
natural to use the suggestive notation R” x 4 R" to denote such semidirect products.

Remark 5.2.1. We would like to note that the final m-dimensional block of the rep-
resentation, i.e. the block , ensures that the mapping is a diffeomorphism
onto its image. This is needed in general since the mapping ¢ — p(t) may not even
be injective for an arbitrary family A. However, one can in many cases omit parts of
this final m-dimensional block, or even omit the whole block, without affecting the
validity of the representation.

In Tables and [5.4] we list the linear representations of the three- and four-
dimensional semidirect products R™ x R™ according to the classifications given in
Tables[5.]]and[5.2] In view of Remark[5.2.1] we omit parts of the final m-dimensional
block in the representation whenever possible. Some of the representations that
we present in these tables have already appeared in the papers [37, [9].

Lie group  Parameters Family A Linear representation
_ - 1 t =
G3q = H? 8 (1) 0 1 =z
- - 0 0 1
et tet 1
Gs.o (1) 1 0 e
- 0 0 1
et 0
Gs.3 é ? 0 e
0 0 1
- - et 0 x1
a 1 0 at
G54 ae[-1,1)\ {0} 0 a 0 e T
- - 0 0 1
o 1 e*cos(t) e*sin(t) 1
s a>0 [_1 a} —e®sin(t) e*cos(t) w2
0 0 1
cos(t) sin(t) =z O
=0 0 1 —sin(t) cos(t) x2 O
a -1 0 0 0 1 0
0 0 0 ¢

Table 5.3: Linear representations of the semidirect products R™ x 4R™ with m+n = 3
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Lie group Parameters Family A Linear representation

- N
Gan 00 1 2
0 0 0 O 1 T3
- - 0 0 O 1
o 0l e 0 0
a 0 € tet
G4'2 « # 0 0 1 1 t
0 1 0 0 e T3
- - 0 0 O 1
_ - e 0 0
. Lo 8
3 0 0 0 0 1 3
- - 0 0 0 1
2
1 o e’ te: it ft 1
0 e te To
Gaa 01 1 .
00 1 0 0 e T3
- - 0 0 0 1
at
a 00 eO egt 8 zl
Gg3 apy #0 0 B 0 0 ot
0 0 ~ 3
0 0 0 1
et 0 0 1
a 0 0 Bt Bt o
B 0 e’Pcos(t) e’sin(t) x2
Gio a>0,peR [8 —Bl ;] 0 —ePtsin(t) e’lcos(t) w3
0 0 0 1
e " cos(ta) e Msin(ts) x1 0
Gito -1 0 0 1 —e "sin(ta) e "cos(ta) x2 0
’ 0o -1’ [-1 0 0 0 1 0
0 0 0 ef2

Table 5.4: Linear representations of the semidirect products R™ x 4R™ with m+n = 4

We equip these semidirect products with the left-invariant Riemannian metric
such that the basis matrix elements T}, X; of the Lie algebra ¢ x t" becomes or-
thonormal. Let now us find an explicit formula for this metric on R™ x R™ in the
coordinates (¢,z). Let p € R™ x R™ correspond to the point (¢, ) € R"™ x R™ in the
coordinate system, so that

p=p(t,z) =Exp (3, Xiz;) - Exp (O, Th ty) -

A direct calculation shows that

0
-1 Y —T
| =T
8 n
p_la = Bxp (= 3 Thtr) - Xi - Bxp (g T t) = Y ul(—1)5i X
Zglp =

In view of the discussion at the end of Section [2.3] this implies that the canonical
left-invariant metric on R™ x 4 R™ is given by

Yt) = {181 M(_Ot)T] [Ién /J((it)] - [Ig)n u(—t)gu(—t)] '
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This leads to the following natural definition.

Definition 5.2.2. Let m,n be positive integers, let
A= (A, CR™"
be an indexed family of commuting matrices and define p : R™ — GL,(R) by
m
p(t) = Exp (Z Ap tk) :
k=1

The Riemannian semidirect product of R™ and R™ with respect to A is the solvable
Lie group R™ x R™ with group operation

(t,z)(s,y) = (t+s, z+ pt)y),

equipped with the left-invariant Riemannian metric

Y(ta) = [181 u(—t)gu(—tﬂ '

We denote such semidirect products by R™ x 4 R"™.

We contine by finding an expression for the Laplace-Beltrami operator 7 and the
conformality operator k in the coordinates (¢, ) on R™ x 4R™. We first observe that
the cometric is given by

Tiw) = [I(T)n u(t)Z(t)T] ’

and the determinant of g satisfies

Vet gy = y/det p(—6)T - det u(—t) = exp (— X, Tr(Ay) tr).

If we let ¢, ¢ : Rx 4 R™ — C be two complex-valued functions, we therefore see, from
the local representation formulas (2.2)), that the Laplace-Beltrami operator satisfies

1 — 0 d¢ 0 9¢
(0= ey gy (VA )+ 2 (e utom vty 22

ij=1

n 2
2 at) £ 37 (ult) )y af(;‘; (5.0

ij=1

while the conformality operator is given by

o¢ 0 ¢ 0
Z ¢ @Z) Z T )ij ¢ 0p (5.5)
Oty Oty b Oz; axj
where the mixed terms of the form %% and %% are not present since the
corresponding components of g~! are 0.
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5.3 Semidirect products R™ x H?"*!

Throughout this section m,n > 1 will be integers. In contrast to the previous section,
the indices ¢, j here are assumed to take values between 1 and 2n, while the indices
k, [ still take values between 1 and m. We denote by Js, the block diagonal 2n x 2n

matrix
ST 0 —1 0 -1 2nX2n
Jgn—dlag<[1 O]"”’[l O])eR ,
n times
so that if x = (w1, 22,...,T2,_1,T2,) € R?", then
Jan — (_$27 Tlyeeny _x2n7 xQTL—l)‘

Note that this is the standard complex structure on R?? = C".
We begin by finding a suitable representation of the Heisenberg algebra h2"+! and

its corresponding simply connected Heisenberg group H?"*!. For this we consider
the (14+2n+1+m) x (1 + 2n + 1 + m) matrices

0 0 1 0 0 3(Jome)T 0 0
- _ 0 Ogn 0 0 X, — 0 Ogn €; 0
1o 0 o0 0} 7o 0 0 0|’

0 0 0 0, 0 0 0 O

where e; are the canonical unit column vectors of R%2". A simple calculation shows
that for 1 <17 < j < 2n,

=, Xi] =0, X0, X;] = {H, 7 odd a.nd j=1t+1 '
0, otherwise
Thus, these matrices induce a faithful representation of the nilpotent (2n + 1)-
dimensional Heisenberg algebra h*"*! as a subalgebra of gl; 9, 14m(R). Note that
the final m-dimensional block is superfluous at the moment, but it will be needed for
the representation of semidirect products t™ x h2"*1. Since this Lie algebra is nilpo-
tent, the exponential mapping provides us with a diffeomorphism onto the simply
connected Heisenberg group H?"*! i.e. we obtain the representation

1 2(Jon2)T € 0
0 I z 0
2n+1 . — o 2n 2n
H ={Exp(}; Xiz;i +2&) = 0 9 1 0 | (¢, 2) e RxR*}.
0 0 0 In

In this representation, we can view H2"T! as the space R x R?" equipped with the
operation

(&x)B(n,y) = (E+n+ 5(Janz,y), = +Y). (5.6)

We now find a representation of semidirect products t™ x, h?"t! with respect
to a Lie algebra homomorphism 7 : t™ — Der(h?"*1). We again observe that since
t™ is abelian, so is the image 7(t™) C Der(h?"*1) since 7 is a homomorphism. An
easy calculation, which can be found in Proposition 9 of [14], shows that the algebra
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Der(h?"+1) of derivations on h?"*Hlconsists of endomorphisms, represented in the
basis {Z, X1,. .., Xon}, of the form

T
[COL 1;1} 6R(1+2n)><(1+2n)’ (5.7)

where a € R and the column vector v € R?" are arbitrary, while the matrix A €
R27*27 i5 of the block form

Aany —adj(Aer)) —adj(Agyy) - —adj(Am)
A(Q,l) A(272) — adJ (A(g,g)) P — adJ (A(%Q))

A= |4cy A2 A(s3) o —adj(Ag3) , (5.8)
A1) An2) A(n,3) e Alnon)

where A ;) € R?*2 are such that Tr Az = afor 1 <i <n, and adj(A(; ;)) denotes
the adjugate i.e. the transpose of the cofactor matrix of A(; ;). In what follows we
will only consider homomorphisms such that any element of the image satisfies v = 0,
cf. . In view of the classification in Table this can be assumed for all of the
four-dimensional semidirect products t x h2, as we will now see. Note that we can
then represent every element of the image 7(t™) as

[i TB(A) 31] |

where the matrix A is of the form ([5.8), and in particular we see that each such
element is completely determined by the matrix A. By definition, the non-zero Lie
brackets on the semidirect product t™ x, h27T1 must satisfy

X X {E ioddand j =i+ 1
iy NGl =

0, otherwise
- - 1 -
[T, Bl = m(T) E = Tr(Ap) &,

[Ty, Xj] = 7(Tp) X; = Z(Ak)ijxi. (5.9)

Here {T},..., Ty} and {Z, X1,...,Xo,} are abstract bases for v and H?"*!, re-
spectively, and the homomomorphism 7 is defined by

(Ty) = [i Tr(dk) XJ

for some matrices Ay € R2"27 of the form which commute, since 7(¢™) is
abelian. We have already found a suitable representation for the Heisenberg algebra
spanned by =, X1,..., Xo,, so to complete the representation we further consider
the (14+2n+4+1+m) x (14 2n 4+ 1 + m) matrices

1Tr(4y) 0 0 0O

B 0 A, 0 0
T = 0 0 0 0|’

0 0 0 Dy
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where Dy are the m x m diagonal matrices with 1 on the k-th position of their
diagonal and zeroes elsewhere. Then an easy calculation shows that the relations
hold, so that the matrices T}, =, X; induce a faithful representation of the
semidirect product ¢ x, hZn+1.

Just as in the previous section, since the Lie algebra v x, h2"T! is solvable, the
corresponding simply connected Lie group is diffeomorphic to R™ x R x R?". In
order to find this diffeomorphism, we consider the mapping

R™ x R x R*™ 3 (t,€,2) — Exp (3, Xi @i + 2€) - Exp (3, Tho ti)
a(t) 3(Janz)Tp(t) ¢ 0
|0 wu(t) x 0
0 0 1 0 ’
0 0 0 Exp(diag(t))

where

a(t) = exp <:z iTr(Ak) tk> and u(t) = Exp (Zm: A tk) .
k=1

k=1

This is clearly a diffeomorphism onto its image, and one can show that its image is
indeed the semidirect product R™ x, H?"*! with respect to the action i : R™ —

Aut(H?"*1) given by
i =9 |

p(t)
We omit the details of this calculation, but let us at least note that one is required
to use the identity

Tom (1) = a(t) (Jon u(—1t))". (5.10)

The proof of this identity is not difficult but requires some work, so we include it in
Appendix . In this representation, we can thus view R™ x H?"*! as the space
R™ x R x R?"*1 equipped with the Lie group operation

(t, & x) (s,my) = (t+s, (§2) B (alt)n, u(t)y))
= (t+s, E+alt)n + 3 (Janz, n(t)y), ©+ p(t)y),

where H is the group operation on the Heisenberg group defined in .

In Table we list the linear representations of semidirect products R x H?
according to the classification in Table 5.2l As in the case of R™ x 4 R™, one can
often omit parts of the final m-dimensional block without affecting the validity of
the representation, cf. Remark [5.2.1] In Table 5.5 we do so whenever possible.

We equip these semidirect products with the left-invariant Riemannian metric
such that the basis matrix Tj,Z, X) of the Lie algebra t™ x h?"*+!1 becomes or-
thonormal. To find an explicit formula for this metric in the coordinates (¢, &, x), let
p=p(t, & x) € R™ x H? ! correspond to the point (¢,£,2) € R™ x H2" ! so that

p=Exp (> ; Xizi +=Z&) - Exp (>, T tr) -
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Lie group Parameters Family A Linear representation
eZt _%et 11—2t12 et 5
G 1 1 0 e’ tet T
e 0 1 0 0 et o
0 0 0 1
L e(1+o¢)t 7%6t %eat 5
0 e 0 1
4 —-1,1
Gis @ €[-1.1] {0 a] 0 0 et
0 0 0 1
62at _ xg cos(t)+xq sin(t) oot T cos(t);zg sin(t) oot é—
a 1 0 et cos(t) e sin(t) x1
G? >0 .
49 o {*1 a] 0 —e™ sin(t) e** cos(t) T2
0 0 0 1
1 _ 2 cos(t)-;ml sin(t) x1 cos(t);mg sin(t) f 0
0 1 0 cos(t) sin(t) 1 0
a=0 {71 O} 0 — sin(t) cos(t) x2 0
0 0 0 1 0
0 0 0 0 ¢

Table 5.5: Linear representations of the semidirect products R x 4 H?

A simple calculation shows that

0
-1 T
p atk » k>
4 0 -
P 1875p:EXP(_Zkatk)'\:'EXP(Zkatk)7
4 0 -
P 183," ) = EXp (— Zk Tk tk) . (X,J - %(Jgnx)z :) . EXp (Zk Tk tk>,

and furthermore,

EXp (— Zk Tk tk) = EXp (Zk Tk tk) = a(—t) E,

2n
Exp (=34 T t) - Xi - Bxp (X Thti) = > p(—1)5i X
=

To prove the latter, one must again employ the identity (5.10]). In view of the discus-
sion at the end of Section we see that the canonical left-invariant Riemannian
metric in this parametrization is given by

L, 0 0 I, 0 0
Yiewy = | 0 1a(—t) 0 ) 0 a(-t) —3a(—t)(Jonz)T

[0 —Sa(=t)hwz p(-0)"] L0 0 p(=t)
[T 0 01 L. © 0 Im O 0

=10 1 0 0 a(—t)? 0 0 1 —1i(Jax)"| (5.11)
|0 —3Jonz In] | O 0 pw(—t)Tu(=t)] {0 0 Iy,
I, O 0 O 0 0

=10 o 0 +a(—t)2 | 0 1 —L(Japz)T
L0 0 p(=t)Tu(-t) 0 —ihpz LJoa(Jonz)®
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This leads to the following natural definition.
Definition 5.3.1. Let m,n be positive integers and
A= (Ak)zn:1 C R2n><2n

be an indexed family of commuting matrices of the form (5.8]). Define a : R™ — R
and p : R™ — GLg,(R) by

a(t) = exp <le ZTr(Ak) tk> and u(t) = Exp (Z Ay tk) .
k=1

k=1

The Riemannian semidirect product of R™ and the Heisenberg group H2" T with
respect to A is the solvable Lie group R™ x R x R?"” with group operation

(t, &, x)(s,my) = (t+ 5, E+ alt)n + 3(Janz, n(t)y), ©+ pu(t)y),

equipped with the left-invariant Riemannian metric

Im 0 0 Om 0 0
(e = [0 0 v +a(=t)* | 0 1 —5(J2nz)"
00 pu(=t)" pu(=t) 0 —Lilpa Lhpa(Janz)T

We will denote such semidirect products by R™ x 4 H2*+1

Let us now find an expression for the Laplace-Beltrami operator 7 and the con-
formality operator x on R™ x H2"*! in the coordinates (¢,¢, z). Using the formula
(5.11)) for the metric on R™ x H2"*! we can easily compute the cometric

1, 0 0 In 0 0 I, O 0
g(*tlgx): 0 1 L(lwx)T| |0 a(t)? 0 0 1 0
” L0 0 Iy 0 0 w®u®™] L0 Flpr by
(L, 0 0
= | 0 a®)?+ ()" oz, u(t) T Janz) 5 (Jan)Tpt) ()" |,
L 0 $u(t) p(t) " Jona pu(t) p(t)™

and we also see that the determinant satisfies

+1
\/det gie 0y = a(—t) det pu(—t) = exp (_n - > Tr(Ag) tk> .

In particular, for two complex-valued functions ¢, 1) : R™ x 4 H***+1 — C we immedi-
ately get from the local representation formula (2.2)) that the conformality operator
satisfies

0¢ 0 9b O
w0, 9) = 3282 + <a(1f)2 + i(u(t)TJznw,u(t)TJgn:&) 8?8?
k=1
¢ " 99 9% 96 9y
Ty,  Y¥ ¥Y¥
+g_:1(u(t)u(t) )i B (5.12)
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To obtain an expression for the Laplace-Beltrami operator, we first note that since
det g depends only on t, it will only affect the derivatives with respect to the t-
variables in formula (2.2). Hence,

1 e 96N 90 (s Loyt N
7(¢) = \/mkzl iy (\/@ 8tk> * o€ ((a@) + 7 (1) an, pu(t) Jzn@) ag)
2n ) 9 o 5 ,
! ; o€ (8:2 (3(J2n2) " hi(t) M(t)T)z) * ; o ((%M(t) ()t Jan), ?)
2n 9 . 8¢
2 o (o nr22)
m 62 1 9 1 82
& <0tg B ati) " <“(t>2 I W(t)TJ%w»u(t)TJznﬁ) e
k=1
2n . 0T A 32(;5 2n . ATy 52¢ 13
+Z:1(u( i) Jon)i g -+ ’]Z::l(ﬂ( ORER w e (5.13)
Here we use the fact that
2n 9 9
> o (52 Gty ),
i=1
1 2n 82 ) om 5
=32 (k) H(t)" Jon) 8@?5 e ; (1(t) ) ), a(é
_ 1 2n T 62¢ 1 . a¢
=32 (1(8) () Jon), 55z + 5 Trlu(t) 1)) n) 3

and the last term vanishes because the product of a symmetric and a skew-symmetric
matrix is traceless.

5.4 p-Harmonic functions on R” x R” and R” x H?**!

In this section we construct proper p-harmonic functions on the semidirect products
R™ x R™ and R™ x H2"*!. There are a lot of similarities between the constructions
on these Lie groups that we will present, so we will study them in parallel. Aside
from the notation used in Definitions and [5.3.1] we also introduce the following
notation, in order to simplify the statements of our results.

Notation 5.4.1. We will use the letter G to denote either R” or H*"+1. If G = R,
the indices 7, j will be assumed to take values between 1 and n, and if G = H?"*1 the
indices 7, 5 will be assumed to take values between 1 and 2n, and in both cases the
index k will be assumed to take values between 1 and m, unless otherwise specified.
Throughout this section, A = (A )i will denote a commuting family of real matrices,
which are of dimensions n x n if G = R”, and of dimensions 2n x 2n if G = H>"+1,
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In the latter case, we also assume that each member of the family A is of the form
(5.8). Finally, we will use the notation

(Tr(Ay),...,Tr(An)), i G =R"
Hees : (5.14)
2L (Tr(Ay),. .., Tr(Ay)), if G = H2H

We note that with this notation, if ¢, : R™ x4 G — C depend only on the coor-
dinates ¢t and z, i.e. if they are independent of ¢ in the case G = H?**! then the
Laplace-Beltrami operator satisfies

2 2
r(0) = 32 (G~ ) + S000) 6" 5
k i Lt

ij
and the conformality operator is given by

_N\~ 99 09 Ty 00 0¥
k(p, ) = Zk: oty Oty + %:(M(t)ﬂ(t) )ij O, O,

regardless of the choice of G.

We start with a general variable separation result.

Proposition 5.4.2. Let ¢, : R™ x 4 G — C be two complex-valued functions such
that ¢ depends only on t € R™, while 7%(1)) is independent of t for all « > 0. Then
their product ¢ satisfies the identity

P

p _
WCOEDY (a) (@) 7O ().
a=0
In particular, if ¢ and 1 are proper p-harmonic and proper r-harmonic on R™ x 4G,
respectively, then their product ¢ is proper (p +r — 1)-harmonic on R™ x 4 G.

Remark 5.4.3. This result is reminiscent of the variable separation theorem on
product manifolds, which can be found e.g. in Lemma 6.1 of [19]. For our result here
we need the additional assumption that 7%(¢)) is independent of ¢ for all & > 0. This
assumption is superfluous for direct products of manifolds, but it is essential in our
case.

Proof. Since ¢ is a function of ¢, we see by the formulas and for the
Laplace-Beltrami operator that 77(¢) remains to be a function of ¢ for all 3 > 0.
Since the tension field 7¢(¢)) is independent of ¢ for all & > 0 by assumption, it
follows from the formulas and for the conformality operator that

k(T (¢), 7 (1)) = 0,

for all o, 8 > 0. The first part of the proposition now follows easily by induction
combined with the product rule for the Laplace-Beltrami operator. For the final
statement of the result, notice that the identity we have just proven implies that

(o) = (P 0P ) 0 and ) <0,
so that ¢ is indeed proper (p + r — 1)-harmonic. ]
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Constructing proper p-harmonic functions 1 : R™ x 4 G — C such that 7%(v) is
independent of ¢ for @ > 0 seems difficult, if not impossible, in general. However,
we will be able to do so later given that the elements of the family A possess a
certain property. For now, we note that any harmonic function on R™ x 4 G which
is independent of t trivially satisfies this condition. Such functions can easily be
constructed as follows.

Proposition 5.4.4. Define the complex-valued function v : R™ x 4 G — C by

() = a+ 3 viwy + 3 Bijaix, if G =R"
Y€ z)=a+bl+ vz + Zz‘j Bijxizj, if G= g2t

where a,b,v;, B;j € C are not all zero, and the coefficients B;; form a symmetric
matriz such that
Tr(u(t) p(t)*B) =0, teR™.

Then 1 is proper harmonic on R™ X 4 G.

2
Proof. Since B is symmetric, we obtain % = 2B, so that

T(¥) = 235, (u(t) p(t)")ij Bij = 2 Tr(u(t) u(t)" B),
confirming the result in both cases. O

We can of course choose B = 0,,, but in some cases B can even be taken to be
non-zero, as we will see in Examples and later. We continue by studying
functions which depend only on t. In this case we can separate the variables even
further.

Proposition 5.4.5. For each k = 1,...,m, let ¢ : R™ x 4 G — C be a complex-
valued function depending only on ty,. Then the product [ [, ¢ satisfies the identity

Tp(mk): > (7 )T
k=1 ittgme=p Ml Ims

In particular, if the function ¢y is proper pip-harmonic for each k, then the product
[1; ¢ is proper (p1 + ...+ pm — m + 1)-harmonic.

Remark 5.4.6. Here we use the multinomial coefficients defined by

(o) =50
jl)"'ujm jl'j’m'

Proof. The method of proof is similar to that of Proposition the only difference
being that one must also perform induction on m. O

To make Proposition useful, let us construct proper p-harmonic functions
depending only on t;. We observe that the coordinate functions t; are isoparametric
on R™ x 4 G in the sense of Definition unlocking Theorem [3.2.2
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Proposition 5.4.7. Fork=1,...,m and p > 1, define the complex-valued function
Grp: R x4 G — C by

c1 ti_lewktk + co tz_l, if wp#0
Prp(ti) = - - . :
c1 tkp + co tkp , if wp,=20
where ¢ = (c1,c2) € C2\ {0}. Then ¢y, is proper p-harmonic on R™ x 4 G.

Proof. Throughout the proof we use the same notation as in Theorem[3.2.2] A simple
calculation gives
T(tk) = —Wg and ﬂ(tk,tk) = 1,

so that the coordinate function ¢ is isoparametric, and its corresponding holomorphic
functions @, ¥ : C — C are given by

®(z) = —wr, and Y(z)=1.
It follows that
A(z) = ¥+,
so that the function f; : R — C satisfies

G eWhZ 4o, i wi #£0

fi(z) =a /ZewkgdC‘f‘Cz = {wk

. )
1z + ca, if wp,=0

which proves the result for p = 1. We proceed by induction. If w; = 0 and f, has
the required form, we directly get

z
_ 2p—1 2p—2 _ 4 2p+1 2 2p
z) = c +c d¢dn=———2 + ———2P
and the result follows. On the other hand, if w; # 0, we use the fact that for any
v € C\ {0} and any non-negative integer n,

z n
/ ("e’S d¢ = e¥F Zajz],
§=0

for an appropriate choice of the constants a; € C. Assuming that the functions
fi,... fp have been shown to have the required form, we thus get

z n
fp+1(2) _ / ewlm/ e—wkC(clcp—lewkC + CQCp—l)dC d’l’]

c z p—1 z
— 1 / npewzm d77 + co Z aa/ ,,704 dn

- p— 1 a=0
C1 b p-! a
_ B wrz o _a+1
= Cpz" € C —Z .
B=0 a=0

The terms with 8 < p and a < p — 1 will become p-harmonic after pulling back by
ti by the induction hypothesis, so that we may discard them for simplicity. After
modifying the constants we get

for1(2) = c12Pe“F* + co2P,

which completes the proof. ]
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Example 5.4.8 (G¢g). Consider the Lie group G$g = R x 4 H?, whose family A
consists of the matrix

1o v [e2 0
A= [0 a] , sothat p(t)p(t)' = [0 €2at:|
We set \
01
B=3 [1 o] ’

where \ € C, so that the function v from Proposition is given by
Y& x) =a+ b + vizy + vexa + Ax122.

Then B evidently satisfies the condition from Proposition Hence Proposition
(.42 in conjunction with Propositions [5.4.7] and [5.4.4] implies that the function
defined by

( ) (c1t?P~1 4 cot?P=2) (a + bE + vix1 + vowa + Ax1T9), if a=-1
t, & x)—

(ertP= 120+t 1 cotP=1) (a + bE + vy + voxe + Ax122), otherwise
is proper p-harmonic on G§g. A

Example 5.4.9 (G4.4). Consider the Lie group G4.4 = Rx 4R3, whose corresponding
family A consists of the matrix

110 1+24 45 48 &
A= 0 1 1|, sothat pt)p(t)"=e | 41458 1442 ¢
001 £ t 1
2
We set

0 0 —1

B=Ax|l0 1 0],

~1 0 -1

where A € C, so that the function ¢ from Proposition [5.4.4]is given by
Y(x) = a+viry + vaxe + A(zh — 23 — 22173).

It is easy to check that the condition from Proposition [5.4.4] is satisfied, so that
Proposition [5.4.2] combined with Propositions and [5.4.4] shows that the func-
tion defined by

(t,z) = (crtP~te ™3 + eot? 1) (a + vizy + voxg + N(23 — 23 — 27173))
is proper p-harmonic on Gy 4. A

We now proceed by applying Theorem [3.2.2] to a certain class of isoparametric
functions on R™ x 4 G. These functions will depend only on the variables ¢t and x
i.e. they will be independent of the variable ¢ if G = H?"*!. To construct this class
of isoparametric functions, we will use the well-known fact that the elements of a
commuting family of matrices always possess a common eigenvector.
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Lemma 5.4.10. Let v be a common eigenvector of the commuting family AT =
(AD)k, and let X = (A1,..., Am) be the vector consisting of the corresponding eigen-
values. Then the function ¢ : R™ x 4 G — C defined by

o(t,x) = e~ (v, x)
18 isoparametric on R™ X 4 G with
7(9) = AA+w) ¢ and K(6,0) = (A, A) ¢° + (v,v).

Proof. We have

dp P 00— Py
67;9 N )\k ¢’ aiti N )\k Qb’ 8@ - vio 8%81"] =0
Thus,
T(6) = > (A +widi) o = (A A +w) 6,
k
as well as

k(p, ) = Z AR @ + e 2 Z(N(t) 1) )ijviv;
%

= (AN A) 6 + e 2 (u(t) T, () )
= <)‘7 )‘> ¢2 + <U7 U>,

where the final equality follows since v is an eigenvector of u(t)T = Exp (3, Af ti)
with eigenvalue etV by assumption. O

In order to apply Theorem [3.2.2] more effectively, we consider several different
cases depending on the properties of the eigenvector v and the corresponding eigen-
values. It turns out that it is most convenient to separately consider the cases when
the eigenvector v is isotropic or non-isotropic, since this affects the formula for the
conformality operator £ as seen in Lemma [5.4.10

Let us first treat the case when the eigenvector v is non-isotropic i.e. (v,v) # 0.
Here we will need to take square roots of some complex numbers to simplify the
formulae. As these complex numbers are constants, the fact that the square root
function is not (continuously) defined on the entire complex plane does not play a
major role, so any choice of square root will do the trick. To fix a definite choice, we
define the the square of any complex number z by

Vi exp(% log(z)), ze€C\ (—o0,0] .
iv|zl, z € (—00,0]

Note that if the eigenvector v is non-isotropic, this allows us to assume without loss
of generality that it satisfies (v,v) = 1, for if not, we can replace it by —~— v.

V{vsv)
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Proposition 5.4.11. Let v be a common eigenvector of the commuting family AT =
(AD)k, and let X = (A1,..., Am) be the vector consisting of the corresponding eigen-
values. Suppose further that the eigenvector v is non-isotropic with (v,v) = 1.

(i) If A is isotropic, define ¢ : R™ x 4 G — C by
(t,x) = e M (v, z),
and define the holomorphic functions f, : C — C by

fl(z) :Cl/ e‘%(k,w){z dc + oo,

? 1 77 1
fo(z) = / e 3w / OO £ () dcdy,

for arbitrary ¢ = (c1,ca) € C2\ {0}. Then the composition f, o ¢ is proper
p-harmomnic on R™ X 4 G for allp > 1.

(i1) If X\ is non-isotropic, put
C=C\ ((~ioo, ~i] U [i,io0)),
define ¢ : R™ x 4 G — C by
$(t,x) = VAN e M (v, ),

and define the holomorphic functions f, : Coc by

¢ 1w
fl(z):cl/ (<2+1) 3 2037 d¢ + 9,

Z 1 A,w n 1 A,w
folz) = / (2 +1) 7220 / (4 1) £ (¢)de dn,

for arbitrary ¢ = (c1,c2) € C?\ {0}. Then the composition f, o ¢ is proper
p-harmonic on its open domain ¢~ (C) in R™ x 4 G for all p > 1.

Proof. Since the tension field 7 is linear and the conformality operator « is bilinear,
we see by Lemma [5.4.10| that in the respective cases

i) 7(0) = (\w) e, k(9 ¢) =1,
(i) 7(¢) = MA+w) o, K(p, ) = (AN (p* + 1),
and the claimed result then follows from Theorem [3.2.2] O

Remark 5.4.12. The function f; can in case (i) be expressed in terms of the error
function, and in case (ii) in terms of the hypergeometric function. The functions
fp for p > 1 do not seem to have a closed form in terms of elementary functions in
general. However, under the additional assumption that (A\,w) = 0, one can easily
calculate that in case (i),

fr(z) = 2P 4 oy 22072
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while in case (ii),
fo(2) = ¢ arsinh(2)? 7! 4 ¢y arsinh(2)%P 2,

where the constants ci,co are appropriately modified. Note that if A = 0, then
(A, A) = (A, w) =0, so that case (i) of the proposition implies that the function

¢(SC) =C <’U7 l‘>2p_1 + e <’U, x>2p—2

is a proper p-harmonic function on R™ x 4 G which is independent of ¢, and satisfies
the condition of Proposition [5.4.2}

Example 5.4.13 (G41). The family AT corresponding to the Lie group Gy =
R x 4 R3 consists of the matrix
000
100
010
All of its eigenvalues are 0, and the eigenspace is one-dimensional and spanned by
the unit vector es. Thus case (i) of Proposition shows that the function

2p—2

2p—1
P 4 a2y

T a1x;
is proper p-harmonic on Gy (see also Remark [5.4.12)). By construction, this func-
tion also satisfies the condition from Proposition [5.4.2] Hence, if p,r, q are positive
integers such that r + ¢ — 1 = p, Proposition [5.4.2] combined with Proposition [5.4.
implies that the function defined by

(t.2) = (™ et ) (@l + i)
is proper p-harmonic on Gy 1. AN

Example 5.4.14 (G;}1 = Sol®). The family A" corresponding to the Lie group
1 0
0 «

Its eigenvalues are 1 and «, and the corresponding eigenvectors are the unit vectors
e1 and eo, respectively. Consider now the particular case @« = —1. In this case the
Riemannian Lie group G;}L becomes the famous Thurston geometry Sol®. Examples
of proper p-harmonic functions on this Lie group have already been constructed in
[19] 26]. We can obtain new examples of proper p-harmonic functions on this Lie
group by applying case (ii) of Proposition Indeed, we see that the functions
defined by

(t,x) — cy arsinh(e tz1)?P~1 + ¢y arsinh(e 'ap)?P 72,

(t,x) — 1 arsinh(etxg)zfp_l + ¢ arsinh(etxz)Qp_Qy

are proper p-harmonic on Sol® for any ¢ € C?\ {0} (sce also Remark [5.4.12). A
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Now let us treat the case when the eigenvector v is isotropic. This case turns out
to be richer, as we will now see. To begin with, we see immediately from Lemma
that in this case ¢ will be an eigenfunction in the sense of Definition In
fact, in this case it is no longer essential that the vector A consists of the eigenvalues,
but can rather be chosen arbitrarily.

Proposition 5.4.15. Let v be a common eigenvector of the commuting family AT =
(A;f)k and suppose that v is isotropic. Then for any complex vector v € C™, the
function ¢ : R™ x 4 G — C defined by

o(t, x) = e~V (v, z)
s an eigenfunction on R™ X 4 G satisfying

7(¢) = (v +w)¢ and kK(¢,¢) = (v,v)¢".
Proof. The calculation is the same as in the proof of Lemma [5.4.10] O

Thus, one may combine Proposition [5.4.15] with Theorem [£.1.3] to obtain inter-
esting examples of proper p-harmonic functions.

Example 5.4.16 (G33). The family AT corresponding to the Lie group Gz3 =
R x 4 R? is given by

1 0

bk

Both of its eigenvalues are 1, and the corresponding eigenvectors are the canonical
unit vectors eq, ea. Thus, for any (,w € C, the vector v = ((,w) = (e + wey is also
an eigenvector with eigenvalue 1. Furthermore if we require that (2 + w? = 0 (e.g.
¢ = 1,w = i), we see that v becomes isotropic, so that Proposition implies
that for any v € C, the function

Bt x) = eV (Cxy + was)
is an eigenfunction on Gj 3 satisfying
T(¢) =v(r+2)¢ and (¢, ¢) =12 ¢ A

Example 5.4.17 (GZ‘_%). The family AT corresponding to the Lie group Gfﬁ% =
R x 4 R3 consists of the matrix

0 O
g -1
1 B

Its complex eigenvectors are v+ = (0,1, 4i). It is clear that vT are isotropic, and so
by Proposition the corresponding functions

o O Q2

¢E(t, ) = e " (zy +ix3)
are eigenfunctions on GZ‘% with
T(¢0F) =v(v+a+268)¢* and k(9T ¢7) =1 (¢%)%,

for any choice of v € C. A
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Example 5.4.18 (Gy4.10). The family AT corresponding to the Lie group Gg.10 =
R? x 4 R? consists of the matrices

-1 0 0 -1

0 -1 1 0]
Their common eigenvectors are v+ = (1,4i). Since v is isotropic, we see from
Proposition [5.4.15| that for any v € C?, the functions

¢i(t,x) = e_(”1t1+”2t2)(x1 + ix9)
are eigenfunctions on G4 19 with
T(¢%) = (] — 201 +13) 6% and k(9. ¢F) = (v} +13) (¢7)% A

It is quite interesting that in the case when the eigenvector v is isotropic, we can
also obtain a construction analogous to Proposition [5.4.11] For this we first observe
the following.

Lemma 5.4.19. Let v be a common eigenvector of the commuting family AT =
(AD)k, and let X = (A1,..., Am) be the vector consisting of the corresponding eigen-
values. Suppose further that the eigenvector v is isotropic and define the function
o:R"x 4G — C by

o(t,x) = e Ay 7).
Then the real part Re¢ and the imaginary part Jmo of ¢ are isoparametric functions
on R™ x 4 G with

T(Red) = (Re A, Re A + w) Re g,
k(R Red) = (R X, Re\) (Reo)? + %@,m,
and

T(Jme) = (Re A, Re A + w) Tm g,
1

k(Ime, Tme) = (Re, Re ) (Imo)? + 5 (0.7

Proof. We perform the calculations only for the real part PRe¢ of ¢. The calculations
for the imaginary part are entirely similar. We have

R 0?(R

O = e ote), e = (e (o)
ORed) _ _mery) - P(Reg)

0, e U (Rev);, iz, =0.

The formula for 7(%Re¢) thus follows immediately. Furthermore, we see that

n

K(Reg, Reg) = > (Re )} (Red)? + e >N (u(t) () T)ij (Rew); (Rew);
k=1

i,j=1
= (Re, Re X)) (Red)? + e 2T ()T Rew, u(t)” Rew),
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as well as

e 2N (u(t) T Rew, pu(t)" Rew)

1
= 1 7T (v + ), ()" (v + 7))
= %6—2(9%)\,15) (i)‘ie <e2<)"t> <v,v>) + A A) <v,5>) = %(v,@},
where the final equality follows since v is assumed to be isotropic. This proves the

claim. O

Now we can use the real and imaginary parts of ¢ in conjunction with Theorem
[3:2:2] to obtain proper p-harmonic functions. Note that the real and imaginary parts
of ¢ are automatically real-valued, so that the functions f, from Theorem can
be assumed to be functions of a real variable. Similarly as before, we can in this case
arrange that the eigenvector v satisfies (v,v) = 2.

Proposition 5.4.20. Let v be a common eigenvector of the commuting family AT =
(AD)k, and let X = (M, ..., Am) be the vector consisting of the corresponding eigen-
values. Suppose further that the eigenvector v is isotropic and (v,v) = 2.

(1) If ReA =0, define ¢ : R™ x4 G — C by
p(x) = (v, @),
and define the functions f, : R — C by
fo(s) = c1 877 4 ¢ 87P72,

for arbitrary ¢ = (c1,c2) € C*\ {0}.

(il) If ReX £ 0, define ¢ : R™ x4 G — C by

o(t, ) = /(Re X, Re A) e~ FeM (),
and define the functions f, : R — C by

(Re A,w)

fi(s) :Cl/ (C2+1)_%_m d¢ + co,

1 (ReX,w) (Re A ,w

s n )
fo) = [ o+ S [ RS £y agan
for arbitrary ¢ = (c1,ca) € C?\ {0}.

Then in both cases, the compositions fpo(Rep) and f,o(Ime) are proper p-harmonic
on R™ x 4 G for allp > 1.

Proof. Since the tension field 7 is linear and the conformality operator « is bilinear,
we see by Lemma [5.4.19| that in the respective cases

(i) T(Meg) =0, K(Red, Reg) = 1,
(i) T(Reg) = (Red, Red +w) Reg, K(Rep, Red) = (Re A, Re A)((Rep)? + 1),

and analogous identities hold for Jm¢. The result then follows from Theorem [3.2.2
O
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Example 5.4.21 (G¢,4). The family AT corresponding to the Lie group G$g =
R x 4 H? consists of the matrix
a 1
S

Its eigenvectors are v™ = (1,4i) and the corresponding eigenvalues are A* = o + 1.
Note that the eigenvectors v+ are isotropic, so that Proposition may be ap-
plied. We consider only the eigenvector v = (1,1) and its eigenvalue A = o + 1 for
simplicity.
In the case o = 0, we have SRe A = 0, and so it follows from case (i) of Proposition
that, for any positive integer p and any ¢ € C?\ {0}, the functions
(t, &, x) —~ clx%p_l + cz:z%p_z,

2p—1

(t,&,x) = c1a5 2p—2

+ C2Zo s

are proper p-harmonic on Gg.g. By construction, these functions also satisfy the
condition from Proposition [5.4.2] so we may also multiply them by a function of ¢ to
obtain even more examples of proper p harmonic functions, cf. Example [5.4.13]

In the case o # 0, we have Re A # 0, so that we can apply case (ii) of Proposition
5.4.11l However, finding a general formula for f, seems unfeasible. Let us at least
note that Proposition implies that, for any ¢ € C?\ {0}, the functions given
by

2(ae~z1)3 + 3ae™ 1y
{(aeatz))? +1}3/2
2(e™x9)? + 3ae My

{(ce=txq)2 + 1}3/2

(t7 57 .73‘) = C

+ c2,

(t,&,x) = c1 c2,

are proper harmonic on G, and the functions given by

(e~ %)
3{(ae—0ty,)2 + 1}%/2
b 2(ae )3 + Sae;‘;:xl

{(ce™tzq)2 + 1}

(t,&,2) — 1 (arsinh(aeo‘tan) +

1
: —at
arsinh(ae™ *'z1) — MW) ’

—at 3
(t,&,2) — 1 (arsinh(ae‘at:cg) + i) )

3 {(ae—tzy)? + 1}%/2

2(ae™x9)3 + 3ae Y
+ co < ( 2) 2

1
i —at
{(Oéefo‘t(pQ)Q + 1}3/2 arsmh(ae $2) _ ) ’

(e=tx9)2 + 1

are proper biharmonic on G¥g. A
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Appendix A

Technical Details

A.1 Some matrix identities

In this appendix we will prove the matrix identities used in Section[4.2] As in Section
we let E;; denote the n x n matrix satisfying

(Eij)ap = dia djp,

and we also define the n X n matrices

1
er = = Ers + Esr ; }frs
ﬂ( )

We begin by observing that

1
= E(Ers - EST)7 Dt = Ett;

(Eij Br)op = Y _(Eij)at (Ba)is
t=1

I
M=

i 0j¢ Okt 018

o~
Il
—

= 0ia 0k 018 = Ok (Eir)aps
so that
Ei; By = 051, By (A1)
It follows also that

n

(Eij Eri Eab)as = >_(Eij Ex)at(Eap)is
=1

= Gia Ok 01t Oat Oug

t=1
= i Ok 010 Ob3 = 0k 010 (Eib) s,

so that
Eij By Eqy = 0 010 Egp. (A.2)
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The identity (A.1)) implies that

st - (Egs + Ers Esr + Esp Ers + Es2r)

(5rs Ers + Err + Ess + 537’ Esr)

1 1
— 72 57“3 er + §(Dr + Ds)a

DN — DN =

and analogously

1 1
Y2 = g bro X - 5(Dr + D).

This implies that

Z Xﬁs:% Z (DT+DS):n;1[n7

1<r<s<n 1<r<s<n

as well as ) )
-n
Z Y7’23:_§ Z (DT+DS):TIn7

1<r<s<n 1<r<s<n

Note that this gives in particular that

n
2 2 2
> Yi- ) XL-) D
1<r<s<n 1<r<s<n t=1
1—n n—1
=I5 I~ In=-nl,

We continue by observing that (A.2]) implies

XaBy X} = § (Bt Buy) Byt (B + E)

= S (BrsEjiBuy + BraBjErs + By EpFur + Bur EiBv)
(553 10 Ery + 84 8 By + D161 B+ 07361y Fi)
_ %@-l 53Dy + b5; 610 Erj + 605 815 Bty + 81 6,;Ds)

1

1
= 55]'1(55;' D, +6,; D) + 5(553' 81 + 0rj 015) Ej,

and in an entirely similar way

1 1
Y;’sEjlY;:g = iéjl(éstr + 67"jDs) - 5(653'5[7' + 5rj5ls)Elj'

Hence,
1 1
> XpEpX] = S0 > (65 Dy + 6,5 Ds) + 5B > (855 0 + 65 1)
1<r<s<n 1<r<s<n 1<r<s<n
1 1 1 —1)%t
= 50jn = Dj) + 5 Eij(1 = 651) = 505 In + (Q)Ezj,
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and similarly

1 1
Z Y;"sEjerrg = iajl Z (65j Dr + 57‘]' Ds) - §Elj Z (6sj 5[7" + 67’]’ 5ls>
1<r<s<n 1<r<s<n 1<r<s<n
1 1 1 1
= 5051(In = Dj) = 5B (1 = 850) = 505 In — 5 Eij.

Finally,

n n n n
> DEyD =Y EuEjBEy =Y 60y Ey=0;» 6 Dy =8 Dy,
t=1 t=1 t=1 t=1

which gives

n
N YEpYes— Y XpEpXS - DEyDf
t=1

1<r<s<n 1<r<s<n
1 1 1 —1)%t
= 50jtdn = 5By = 50 dn — (;Elj — 0 Dj = —Eyj.

A.2 The Heisenberg algebra §?"*!

The Heisenberg algebra h?"*! is a (2n + 1)-dimensional Lie algebra with basis
{E,X1,..., X2, } whose commutators satisfy

[Xoi—1, Xoi] =2

for all 1 < ¢ < n, and all the other commutators are 0. An easy calculation [14]
Proposition 9] shows that the space Der(h?"1) of derivations of this algebra consists
of the endomorphisms (represented in the basis {Z, X1,..., X9,}) of the form

9

a ot
€ R@n+1)x(2nt1)
[02“ 1 A ]

where a € R and v € R?" are arbitrary, while the matrix A € R2"*?" is of the block

form ) . . . }
A(1,1) - adJ(A(Q,l)) - adJ(A(?,,l)) cee T adJ(A(n,l))
A1) A2,2) —adj(A@2) - —adj(A@p2)
A= A3 As2) A3 3) oo —adj(Apg)) |
Awy  Aw) Am3) e A

where A(; ;) € R?7%2n are such that Tr Auqy = afor 1 < i < n, and adj(Ag ;)
denotes the adjugate i.e. the transpose of the cofactor matrix of A(; ;). Since these
are 2 x 2 matrices, this means that if we denote

(677 i .

0ij _61'3'] '
Vij

—Yij  Quy

The matrix A possesses the following wonderful property.

o1



Lemma A.2.1. Let a € R, let A € R?™2" pe of the form @, and let

Jon = diag ([(1) _01} [(1] _01D € R2nx2n,

n times

Then the following identity holds

JE A= (aly, — AT)JL .
Proof. We shall prove that

JE A+ AT L = aJi.

Let us denote

0 1
=15
Then we see that
JTA(Ll) —JT adj(A(g,l)) e —JT adj(A(nyl))
JT A + ATJT . JTA(Q’I) JTA(Q}Q) e —JT ad‘](A(n’Q))
2n 2n — . .
JTA(n71) JTA(n,Q) PN JTA(n7n)7
T T T T T T
A(1,1)J A(Q}I)J A(n,l)']
—adj(A@1)"JT AaQ)JT A(TM)JT
— adj(A(n)l))TJT — adj(A(ng))TJT . A(T;LH)JT,
We thus want to calculate
(i) JTAu+ Aa l.)JT, 1<i<n, (the diagonal),

(i) —J7T adj(Ag ;) + AE j)JT, 1<i<j<mn, (above the diagonal),
(i) JTAq ;) —adj(Au)TJT, 1<j<i<n, (below the diagonal).

In all three cases, we will denote

i Bii
AZ S\ LY l]:| s
(i:4) [%.j 5ij

where if i = j, we additionally have d;; = a — ay; since Tr A; ;) = a. For case (i), we
have

Ty T ;7_ |0 1 jau B i Vi 0 1
T Ao+ Aol = [—1 0] [’Yz’z‘ P Bi a—ay] -1 0

Yii A — Qg —Yii Qg T
= + =aJ".
[Oén' —Bis } [a + i ﬁiz}
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For case (ii), we have

I T v |0 1|6 —By aij i |01
T adi(Ap) + Ay T —[_1 o] [—w a | "By 0] (-1 0

—Yij g —Vij  Qij

T [—% @'j] " [—%‘ 5@'} =0

0 1) ey Bij| | dij —vij| |0 1
-1 0] [7vij i =By ay ] [-1 0

:[%j 51"}_[%]' 51"]20‘
—ay; —Pij —ay; =i

Finally, for case (iii), we have

JTA(LJ) — a.dJ (A(Z,J))TJT

Thus we see that

aJ¥ 0 ... 0
0 aJt ... 0

Jo A+ AT = | , | =adg,. O
0 0 ... aJ¥

Corollary A.2.2. Let a € R and A € R*™ 2" be as in (@, and let

—1 —1
Jgn:diag<[(1) 0},..., [(1) OD € R2x2n,

n times

Then
J3 Exp(At) = e®(Jo, Exp(—At))T.

Proof. We see by the previous lemma that

JL Exp(At) = il AVLESY p(alon - ATk T
k=0 k=0
= ™ Exp(—ATt) J3, = e¥(Jan Exp(—At))T,
as claimed. O

The identity (5.10|) that was used several times in Section now easily follows
by induction from the corollary above.
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